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Introduction

Hyperovals are fascinating combinatorial objects in finite Desarguesian planes of even
order q. They are maximum size arcs, that is, sets of ¢ + 2 points with no three points
being on a single line. Their study was pioneered by Beniamino Segre in the 1950s,
and much research since then has given rise to many characterizations, connections to
other areas, and a multitude of examples which have been almost completely sorted
in a number of infinite families and whose properties have been diligently investigated.
However, despite all this work, hyperovals continue to fiercely resist a complete classi-
fication, indicating that this is a very hard problem.

One particularly fruitful connection is that hyperovals may be represented by a spe-
cific class of permutation polynomials over binary finite fields called o-polynomials.
This association allows for a reduction to an algebraic problem, so that a major part of
the study of hyperovals is actually the study of specific polynomials over finite fields.
One goal of this thesis is to survey what is known about o-polynomials.

There are relations between hyperovals and various other geometric and combinatorial
objects, see for example [13]. Other applications include the cryptographically relevant
bent functions [15] and designs [16, |29]. They also play a role in the MDS conjecture
in coding theory, see for example [2].

The application we focus on is the connection of o-polynomials to the 2-to-1 poly-
nomials. An interesting class of 2-to-1 polynomials are the 2-to-1 binomials, which
are relevant in the study of finite fields, see for example [30]. Recently, Koélsch and
Kyureghyan [25] proved that so-called o-monomials induce 2-to-1 binomials and vice
versa. This allows for a convenient construction of 2-to-1 binomials. There is also
an equivalence relation called o-equivalence on the set of o-polynomials. Considering
its equivalence classes, one can find some transformations mapping o-monomials to
different o-monomials. These different o-monomials then give rise to different 2-to-1
binomials. Given an o-monomial from the known families, finding explicit formulas for
the o-equivalent o-monomials and then giving the ensuing list of 2-to-1 binomials is the
other goal of this thesis.

After beginning with a brief introduction in Chapter [I] to projective planes and their
collineations, we turn to the mostly combinatorial elementary properties of hyperovals
and how to represent them using o-polynomials in the beginning of Chapter [2J Then
we focus on the fascinating question of exactly when o-polynomials are o-equivalent.
Various possible transformations have been identified in the past, which are surveyed in
[5]. A systematic study of all the possible transformations was started by Penttila and
O’Keefe through the introduction of the magic action |35]. Using this powerful machin-
ery they found several transformations, which together fully explain a more restricted
equivalence relation we call os-equivalence. As a second step, in [15] these results
were lifted to explain o-equivalence as well by Davidova, Budaghyan, Carlet, Helleseth,
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Ihringer, and Penttila by considering one further transformation. We replicate this
development in greater detail and correct some technical issues as well. Further, we
apply this theory to the case of o-monomials and obtain a new proof that each equiv-
alence class contains at most six different o-monomials. The arguments required here
are mostly of algebraic nature.

Next we turn our attention to the known families of hyperovals and the known o-
polynomials in Chapter [3] As we intend to continue using the o-monomials for our
application, we treat them more carefully by reproducing proofs that show that they
are indeed o-monomials. We survey the non-monomial o-polynomials and elucidate
only briefly how they were found. Following this, for an o-monomial from the list of
the known families we calculate explicit formulas for all the o-equivalent o-monomials.

As the last step in preparation for our application, we illuminate the known link
between the o-polynomials and the 2-to-1 polynomials in detail using a mixture of
combinatorial and algebraic arguments in the first half of Chapter ] By combining
this with our list of o-monomials, we obtain a list of 2-to-1 binomials.

Finally, in the second half of Chapter [ we generalize some of the applications to the
case of odd characteristic, where so far this connection has not been explored. Many
arguments and results can be transferred from the even case and as a conclusion to this
thesis we achieve a complete classification of a specific class of 2-to-1 binomials.

For this work we assume some familiarity with finite fields, specifically with the
subgroups of cyclic groups and the trace map, in addition to the basic notions. Other
concepts will be introduced as required. We follow the usual convention of identifying
polynomials with the maps they induce, although we sometimes mention this more
explicitly when a map is given in non-polynomial form.



1 Preliminaries

In this chapter we briefly introduce the necessary definitions and the background infor-
mation needed. Our references for this are [1] and [24]. Let ¢ denote a prime power.

1.0.1 Definition. The projective plane PG(2, q) is defined as the set of all subspaces of
the vector space ]Fg. The points of the plane are the one dimensional subspaces denoted

by
€
(.I'l,xg,sz,) = < ) >
x3

and its lines are the two dimensional subspaces. Incidence is defined via inclusion in
F3: A point < F3 is incident with a line [ < 2 if 2 is a subspace of I. In this case
we write x € [ and generally use terms common to geometry. Further, we call points
collinear if there is a line containing them.

As a point is a vector space, one can always assume one of its coordinates is 1 and we
will consistently use the first nonzero coordinate for this normalization, except when
describing lines.

The projective plane PG(2,q) is called the Desarguesian plane of order ¢. Its lines,
the two dimensional subspaces, are uniquely determined by their one dimensional or-
thogonal complement, so by a point.

1.0.2 Notation (Lines of PG(2,¢)). The lines of PG(2, q) are
ayy L
o lopi= <(llz>> for a,b € I,

e 1= ((1)) fora € F,, and

1 1
+ o= ((8))
Next, we give some of the most important properties that we use later.

1.0.3 Lemma (Properties of PG(2, q)). The projective plane PG(2, q) has the following
properties.

1. There are exactly ¢> + q + 1 points and also exactly ¢*> + q + 1 lines.

2. For two distinct points there is a unique line containing them both and two distinct
lines meet in a unique point.
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3. A point is contained in exactly g+ 1 lines and a line contains exactly g+ 1 points.

We write the unique line containing the points A and B as A V B. Similarly, the
unique point contained in the lines [ and g is written as [ A g.

An important part of the study of projective planes are its collineations, which are
incidence preserving bijective maps from the plane to itself. To cover them, we need
the notion of group actions, for which we follow [26].

1.0.4 Definition (Group Action). Let G be a group with identity e and let X be a
set. A group action of G on X is a map G x X — X, written (g,z) — gx, with the
properties

(i) ex = x for all z € X and
(i) (9192)z = g1(gex) for all g1, 92 € G and z € X.
We say the group G acts on X. The sets

2% = {gr: g€ G}

for z € X are called the orbits and the action is called transitive if X itself is an orbit.
Further, for a subset A C X the set

{ge G:gA=A}

is called the stabilizer of A.

Now we can introduce the group of collineations and the group of projectivities. They
are bijective maps PG(2, q) — PG(2,¢), induced by (semi-) linear maps F3 — IFJ.

1.0.5 Definition. Define
PTL(3,q) .= {¢ : PG(2,q) = PG(2,q), x — Az" : A € GL(3,q),7 € Aut(F,)},

the group of collineations of PG(2, ¢), where by 27 we mean the automorphism ~ applied
to (a representative of) x component-wise. Define further

PGL(3,q) :=={¢ : PG(2,9) — PG(2,q), x — Az : A € GL(3,q)},

the group of projectivities of PG(2, q).

These groups act on PG(2, ¢) by mapping an element of PG(2, ¢) just as the element
of PT'L(3, q), respectively PGL(3, ¢), would. Collineations are precisely those bijective
maps, which preserve incidence. Therefore, a mapping rule for the points of PG(2,q)
suffices to describe a collineation.

Equivalence of two point sets of PG(2,¢) is to be understood as equivalence under
PT'L(3,q).

1.0.6 Definition. Two sets of points S;,Ss of PG(2,q) are equivalent if there is a
collineation ¢ € PT'L(3, q) with ¢S; = Ss.



A set of four points of PG(2,¢q), no three of them collinear, is called a frame of
PG(2,q). One simple example is the fundamental quadrangle

{(1,0,0),(1,1,1),(0,1,0), (0,0, 1)}.

An element of PGL(3, ¢) is uniquely determined by its values on a frame of PG(2,¢q)
and the group acts transitively on the set of frames of PG(2, ¢) (by mapping each point
of the frame individually).

Finally, we would like to mention that there is a more abstract notion of a projective
plane with properties as in Lemma , of which PG(2, ¢) is only one example, but
not the only one.
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In this chapter we introduce hyperovals and the functions describing them, the o-
polynomials.

2.1 Ovals and Hyperovals
2.1.1 Basic Objects

In this subsection we start by describing ovals and hyperovals and their basic properties.
For the first few (mostly counting) arguments we follow [22]. Although we state the
results for the projective plane PG(2, ¢), these basic properties remain valid for arbitrary
projective planes.

2.1.1 Definition (k-Arc). A k-arc in the projective plane PG(2, q) is a set of k points
of PG(2, ¢), for which no three of them are collinear.

2.1.2 Definition. Let A be a k-arc of PG(2,q). An esternal line of A is a line of
PG(2, q), which does not meet A, a tangent of A is a line of PG(2,q) meeting A in
exactly one point and a bisecant of A is a line of PG(2, q) meeting A in exactly two
points.

Note that there cannot be a line meeting the k-arc A in more than two points,
because these points would be collinear. Next, we count the external lines, tangents
and bisecants, with the goal of understanding maximum size arcs.

2.1.3 Lemma. Let A be a k-arc of PG(2,q) and P be a point of A. Then

(i) the number of tangents through P ist :=t(P):=q+2—k,

(7i) the number of external lines is 1o 1=

(7ii) the number of tangents is 7 := kt, and

k(k—1)
-

(iv) the number of bisecants is T5 1=

Proof. There are ¢+ 1 lines through P, as PG(2, ¢) has order ¢q. Furthermore, there are
no external lines through P and we can find all bisecants meeting A in P by constructing
the unique lines from P to each of the remaining k& — 1 points of A. Thus we conclude
that there are

g+l—(k—1)=q+2—k=t
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tangents through P. Because two points of A do not share tangents, there are kt = 7
tangents overall. We can find all bisecants of A by choosing two points of A and

constructing the unique line incident with both points. Thus we have 7, = (’;) = k(k; L)

bisecants. Finally, there are ¢* + ¢ + 1 lines in PG(2, ¢) overall, so we calculate

k(k—1 2kt + k(k — 1
70:q2+q+1—kt—(2):q2+q+1— 2( )
22 +2q+2—k(k+2t—1) 2¢2+2¢+2—(¢+2—t)(g+t+1)
B 2 B 2
2P+ 22— —qt—q—2¢—2t =2+ qt + 1>+t
B 2
_ ¢ttt _gle=l)  tHt-1)
2 2 2
where we substituted k = ¢+ 2 —t. O

2.1.4 Definition. Let A be a k-arc of PG(2, ¢) and let () be a point not on A. Then let
0;(Q) denote the number of lines through @ meeting A in exactly i points for i = 0, 1, 2.

2.1.5 Lemma. Let A be a k-arc of PG(2,q) and let Q be a point not on A. Then we
have 01(Q) + 202(Q) = k.

Proof. Consider the lines [p from Q) to a point P of A. If [p is tangent, it will appear
only once when going through all the points P. If [p is a bisecant, it will appear twice
when going through the points P. So we have 01(Q) + 202(Q) = k. O

2.1.6 Theorem. Let A be a k-arc in PG(2,q). Then

I < qg+2 :q even,
T lg+1 :q odd

Proof. By Lemma [2.1.3] we have 0 < t = ¢+ 2 — k tangents, so k < ¢+ 2. Let ¢
be odd now and assume there is a (¢ 4+ 2)-arc A. Then by Lemma there are no
tangents to A. Picking a point @ € PG(2,q) \ A and applying Lemma we get
209(Q) =k =q+2. As ¢+ 2 is odd, we have a contradiction. n

2.1.7 Definition (Oval). An oval O of PG(2,q) is a set of ¢ + 1 points, for which no
three of them are collinear. Equivalently, an oval is a (¢ + 1)-arc of PG(2, q).

2.1.8 Definition (Hyperoval). A hyperoval H of PG(2,q) is a set of ¢ + 2 points,
for which no three of them are collinear. Equivalently, a hyperoval is a (¢ + 2)-arc of
PG(2,q).

Theorem implies that ovals are the largest arcs for ¢ odd and that hyperovals
may only exist when ¢ is even, i.e. when the characteristic of the underlying field F, is
two. These bounds are sharp, see Example for a hyperoval and Example [4.2.4]
for an oval. Note that ovals in odd characteristic are very well understood via Segre’s
Theorem, which we state and use in Subsection[4.2.3] Also note that in earlier literature
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the term oval was used to denote arcs of maximum size and that the distinction between
ovals and hyperovals came only later (see for example the definitions given in the book
[22, Chapter 8] and the survey [42]).

Next, we illustrate the connection between ovals and hyperovals in characteristic two.

2.1.9 Lemma. Let q be even and O be an oval of PG(2,q). Then two distinct tangents
of O do not intersect on a bisecant of O.

Proof. Consider @ € PG(2,¢q) \ O. By Lemma we have 01(Q) + 202(Q) = ¢+ 1.
Because ¢ + 1 is odd, o1(Q) must be odd as well, so 01(Q) > 1.

Let [ be an arbitrary bisecant of O. Then for every point P € [, there is at least one
tangent of O meeting P: For points P outside of O, the preceding argument holds and
for points P inside O Lemma implies that there are exactly ¢ +2 — (¢ +1) =1
tangents meeting P.

Again by Lemma[2.1.3|there are ¢+ 1 tangents to O overall. On an arbitrary bisecant
[ of O there are g+ 1 points and every one of these points has a tangent meeting it, by
the preceding argument. Furthermore, two distinct points on [ cannot share a single
tangent, as the tangent would be uniquely identified as [ by the two points. So we have
a unique tangent for each point of [. In particular, no two tangents meet in the same
point of . O

2.1.10 Theorem. Let g be even and O be an oval of PG(2,q). Then the ¢+ 1 tangents
of O are concurrent, i.e. they meet in a common point. Furthermore, given a hyperoval
H of PG(2,q), we can obtain an oval by deleting any point of H.

Proof. Let @ be the meet of two distinct tangents of @. Then by Lemma Q does
not lie on a bisecant, so 02(Q) = 0. An application of Lemma[2.1.5yields 01 (Q) = q+1,
so all ¢ + 1 tangents meet in Q).

For the second statement, we note that deleting points from an arc preserves the
property of no three points being collinear. Thus deleting an arbitrary point from H
gives a (¢ + 1)-arc, so an oval. O

The preceding basic property of ovals in even characteristic is very important and
implies a unique extension of ovals to hyperovals. Note that Theorem [2.1.6 implies that
this is not possible if the characteristic is odd. The common point is called the nucleus.

2.1.11 Definition (Nucleus). Let O be an oval in PG(2, q) for ¢ even. The common
point of the tangents of O described in Theorem is called the nucleus of O.

2.1.12 Lemma (Extension of Ovals to Hyperovals). An oval O in PG(2,q), with q
even, may be uniquely extended to a hyperoval by appending its nucleus.

Proof. Lemma [2.1.9 implies that appending the nucleus of O does not add a point to
a previous bisecant, so there are no three collinear points and we have a hyperoval.
Suppose we added another point @ € PG(2,¢q) \ O to O. The point () can be only
on one tangent, because otherwise () would be the intersection of two, and hence of
all, tangents. So by Lemma we have 1 + 205(Q)) = ¢ + 1, thus @ is on at least
one bisecant. Appending ) to O would then produce three collinear points. Hence the
extension is unique. ]
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2.1.2 Describing Ovals and Hyperovals by o-Polynomials

In this subsection we define and use o-polynomials to characterize ovals and hyperovals,
following [28| Section 3|. Let ¢ = 2™ with n € N throughout this subsection.

The first important observation is that collineations take hyperovals to hyperovals,
as they preserve incidence relations between the points of the hyperoval. Because for
ovals and hyperovals no three points are collinear, any four points of the oval or hyper-
oval make up a frame of PG(2,¢). Since PT'L(3,q) acts transitively on the frames of
PG(2, g), for any hyperoval there is an equivalent hyperoval containing the fundamental
quadrangle

{(1,0,0),(0,1,0),(0,0,1),(1,1,1)}.
Under this assumption hyperovals can be described with o-polynomials.

2.1.13 Definition (o-Polynomial). The polynomial f € F[z] is called an o-polynomial
if the set

H(f) ={(,s, f(s)) : s F,}U{(0,1,0),(0,0,1)}
is a hyperoval containing the fundamental quadrangle.

2.1.14 Definition. A monomial z¢ € F/[z] is called an o-monomial, if it is an o-
polynomial and the exponent e is called an o-exponent if the monomial z¢ is an o-
monomial.

2.1.15 Theorem. Let f € F,[z]| be a polynomial. The set H(f) is a hyperoval if and
only if

(i) f is a permutation polynomial with f(0) =0 and f(1) =1 and

(ii) the polynomial g.(x) = (f(x + a) + f(a))x9™? is a permutation polynomial for all
acl,.

Furthermore, every hyperoval H containing the fundamental quadrangle may be ex-
pressed as H(f) with an o-polynomial f.

Proof. Let H be a hyperoval containing the fundamental quadrangle and set
P =(1,0,0), A=(0,1,0), B=(0,0,1), P, =(1,1,1)

and let Ps, ..., P, denote the remaining points of 4. We first focus on condition (i),
yielding a polynomial f describing H as H(f).
Consider the line at infinity, that is,

0 0 1
=ave={(1].[o]}=(lo])
0 1 0
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No other point of H is on [, because no three points are collinear. Thus every other
point of H is of the form (1,¢,d) with ¢,d € F,. So, let ¢;,d; € F, such that P, =
(1,¢;,d;) for i = 1,...,q. Now assume ¢; = ¢; for a pair (7,5) with 1 < i # j < q.
Consider the line

0 1
h::lci:B\/Pi:<O | e >
1

d;
We have
1 1 0
Gl=1¢a|+ (dz + d]) 0f,
d; d; 1

so P; € h. But then there would be three distinct points of H on the same line h, so
we conclude ¢; # c;.

Analogously assume d; = d; for a pair (¢,j) with 1 < ¢ # j < ¢. This time we
consider the line

0 1
hi:ldho:A\/Pi:< 1 , | G >

0 d;
We have
1 1 0
G| =|c|++e) |1
d; d; 0

and thus P; € h. This, again, is a contradiction to H being a hyperoval, so we get
d; # d;.

All in all, we obtain that the map f : ¢; — d; for i = 1,...,q is a permutation
satisfying f(0) =0 and f(1) = 1, since P, = (1,0,0) and P, = (1,1,1).

On the other hand, if a polynomial f € F,[z] satisfies condition (i), H(f) is a set
of ¢ 4+ 2 distinct points containing the fundamental quadrangle and there are only two
points on the line at infinity. Thus only the equivalence of condition (i) to no three

points of P, ..., P, being collinear has yet to be shown.

Let a,b,c € F, be distinct elements. Then the distinct points
1 1 1
W Al L)
f(a) () fle)

10



2.1 Ovals and Hyperovals

are not collinear if and only if

and thus

b(f(a) + f(c)) +af(e) # c(fa) + f(b)) + af(b) (2.1)

for all distinct a,b, c € F,. By adding af(a) to both sides, Formula (2.1)) is equivalent
to

(a+0)(fa) + f(c)) # (a+ ) (f(a) + f (D))

and thus to

(f(a) + f(c)) (a+ )" # (f(a) + f(b)) (a+b) (2:2)

for all distinct a, b, c € F,. By counting the image size of

Fo\ {a} = Ty, t = (f(t) + f(a)(t +a)"*

Formula (2.2)) is seen to be equivalent to

{(F&) + f@)(t+ )t €Fy\ {a}} = T, (2.3)

for all a € F,. Finally, through substituting * = t + a, Formula (2.3)) is equivalent to
the polynomial g,(z) = (f(x + a) + f(a)) 2772 being a permutation polynomial for all
a €I, [

We can now give a simple example for an o-polynomial and a hyperoval.

2.1.16 Example. The polynomial f(x) = 2% is an o-polynomial for ¢ even. Indeed,
since ¢ is even, the map z — z? is a bijection. We have f(1) = 1 and f(0) = 0, thus
condition (i) is met. For condition (ii), we have

ga(x) = ((x +a)? + a2) 2972 =29 = g,

S0 go(7) is a permutation polynomial for all a € F,. The resulting hyperoval H(f) is
called the regular hyperoval. See Figure for this example in PG(2,2).

There are some restrictions on the form of o-polynomials.

11
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Figure 2.1: The hyperoval H(z?) with its points shaded in PG(2,2).

2.1.17 Corollary. Let f € F [z] be an o-polynomial. Then f is of the form

flx) =" bya®
j=1

witthjEquorjzl,...,%.

Proof. Let f(x) = Z?;é b;ja?. Firstly, because f(0) = 0, we have by = 0. For a € F, we
have

o=l J /s g-1
ga(7) = (f(x +a) + fla))2x?? = 2772 b; Z (‘7) ol it Z bjaj
j=1 =0 \? j=1
qg—1 j j
= ;pq_Q Z Z <‘>b]aj_1$2
j=1i=1 \!
q-—1 ;
— Z J,)bjaj it 1
Jj=1li=1 t
We therefore obtain
q—1 ] )
ga(O) = Z <1> bjajfl = bl -+ a2bg + ..+ CLinbqfl =0
j=1

b1

) = (2
. )—O,WhereA—(a %gig%,aem-
q—1

for all @ € F, by condition (ii). Equivalently, A (

12
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Because A contains a Vandermonde matrix, it has full rank, so by = b3 = ... =b,_1 =0
follows. [

Note that the preceding corollary is a special case (b = 1) of a more general condition
due to Glynn [19], which we only state for the sake of brevity.

2.1.18 Definition. Let a,b € N. The number a covers b if for every 1 in the binary
expansion of b there is a 1 in the binary expansion of a at the same position as well.

2.1.19 Theorem. A polynomial f € F,[z] with f(0) = 0 and f(1) = 1 is an o-
polynomial if and only if the coefficient of 2% in f(x)® mod 29 + x is zero for all pairs
(a,b) with1 <b<a<qg—1andb+# q—1 such that a covers b.

2.2 Equivalence of o-Polynomials

The goal of this section is to understand the notion of o-equivalence, that is, when
two o-polynomials describe hyperovals which are equivalent under PT'L(3,¢q). A nat-
ural question to ask would be: Given an o-polynomial, how can one find all other
o-polynomials o-equivalent to that o-polynomial? After this question has been settled,
we specialize this question to o-monomials, where we find exactly 5 transformations, so
six o-equivalent o-monomials all in all.

For this entire section we assume ¢ to be a power of 2.

2.2.1 o-Equivalence

In this subsection we define o-equivalence and give a few examples of equivalent o-
polynomials and how to find them. For the notion of o-equivalence we follow [34]. The
examples build upon results taken from [5, Section 3.1].

2.2.1 Definition (o-Equivalence). Two o-polynomials f, g € F,[z] are o-equivalent if
their corresponding hyperovals H(f), H(g) are equivalent.

Given an o-polynomial f € F,[z], a natural method for finding an equivalent o-
polynomial g € F,[z] is taking a collineation ¢) mapping H(f) to a hyperoval v H(f)
containing the fundamental quadrangle and then recovering g from the points of YH(f).

The important idea here is that we do not have check the assumptions of Theorem [2.1.15
because we already know that the polynomial describing ¢H(f) is an o-polynomial.

2.2.2 Example (Permutation of the Coordinates). Let f € F,[z] be an o-polynomial
and let f~! denote the compositional inverse of f. Consider the map v : PG(2,q) —
PG(2,q), (a,b,c) — (a,c,b). This map is a projectivity given by the matrix
1 00
M=10 01
1

0 0

13



2 o-Polynomials

stabilizing the fundamental quadrangle. To find the o-polynomial g o-equivalent to f
we calculate

1,} s),s):s € F,} U{(0,0,1),(0,1,0)}
1,3, f7'(8): 8 € F,} U{(0,0,1),(0,1,0)}
=H(f),

where we have substituted § = f(s). Thus we conclude g = f~! and that the composi-
tional inverse map inv : f — f~! maps o-polynomials to o-equivalent o-polynomials.

2.2.3 Example (Permutations of the Coordinates II). Let f € [F,[x] be an o-polynomial
and let f denote the reciprocal polynomial f(z) = xf(z972). Consider the map 1) :
PG(2,q) — PG(2,9), (a,b,c) — (b,a,c). This map is a projectivity given by the matrix

010
M=11 00
0 01
stabilizing the fundamental quadrangle. We may calculate again

VH(f) = p{(L, s, f(s)) : s € Fg} U{(0,1,0),(0,0,1)}
={(s,1, f(s)) : s € F,} U{(1,0,0),(0,0,1)}
={(1,577%,57%f(s)) : s € F;} U{(0,1,0),(1,0,0), (0,0,1)}
={(1,3,3f(57?)) : s € F,} U{(0,1,0),(0,0,1)}

= H(f),

where in the third step we swapped out the point (0, 1,0) and scaled the coordinates
by 772 to yield a 1 as the first coordinate. In the fourth step we substituted § = 5772
and swapped the point (1,0,0) back in. So in conclusion, the map ¢ : f — f maps
o-polynomials to o-equivalent o-polynomials.

Note that the permutations from the two preceding Examples[2.2.2]and [2.2.3| generate
the group of permutations S3, so that we might define a group action of S3 on the set
of o-polynomials. The orbits of the action would then be the equivalence classes. This
has been done first by Cherowitzo in [9], where he has also started the investigation of
this topic.

A natural question would be, whether the transformations induced by the permuta-
tions of the coordinates are all possible transformations of o-polynomials. The answer
in general is no, but for o-monomials it is yes. The next two subsections are devoted to
finding all transformations.

To close this section, we count how many polynomials are o-equivalent to a given
o-polynomial f € FF [z], given originally in [34]. Recall that we identify polynomials
with their maps.

14



2.2 Equivalence of o-Polynomials

2.2.4 Theorem. Let ¢ = 2" and f € F,lz] be an o-polynomial and let G denote the
stabilizer of H(f) under PT'L(3,q). Then there are

n(q+2)(q+1)q(q—1)
G|

different o-polynomials o-equivalent to f.

Proof. By Theorem we need to count the number of different hyperovals con-
taining the fundamental quadrangle equivalent to H(f) under PT'L(3,q). Let S(Q) be
the set of hyperovals that are equivalent to H(f) and that contain a fixed frame @ of
PG(2, q). Further, let N(Q) = |S(Q)| denote the number of such hyperovals. Note that
N(Q) does not actually depend on @, because a collineation taking @ to a different
frame @' maps the set S(Q) bijectively to S(Q’), so N(Q) = N(Q'). Our goal is now
to determine N := N(Q).

So, let A denote the number of pairs (H', @Q)), where H’ is a hyperoval equivalent to
H(f) and @ is a frame contained in H’. On the one hand, we can determine A by first
choosing a frame Q. For the first point P, we have ¢*> + ¢ + 1 possibilities and for the
second point P, we have ¢ + ¢ remaining points to choose from. The third point must
not lie on the line P, VV P, so there are ¢® remaining possible choices. For the last point
we need to exclude the lines P, V P, P V P3 and P, V P5. Since each of the points P,
P, and Pj is excluded twice, there are

F+q+1-3¢-3+3=¢—-2¢+1=(q¢—1)?
remaining choices for P;. Because the order of the points is irrelevant, we obtain

(¢ +q+1)(¢*+q) ¢*(qg — 1)?

A:
4!

N. (2.4)

On the other hand, we can count the number of hyperovals H' equivalent to H(f)
and then choose a frame in H'. The set of all hyperovals equivalent to H(f) is

{eH(f) : ¢ € PTL(3, )} -
To obtain its size, we need to factor out all the collineations stabilizing H(f). We have
IPTL(3,q)| =n (¢* + ¢ +1) (¢ + ¢) ¢*(q — 1)?

by choosing an automorphism 7 of I, and then choosing the values on a frame of
PG(2, q) (which themselves make up a frame). All in all, we obtain

q+2> _n(q2+q+1)(q2+Q)q2(q—1)2<q+2>
4 l€ 4 )

A=[PI'L(3,q) : G]( (2.5)

15



2 o-Polynomials

Combining Equations (2.4)) and ([2.5)) now yields

~n(g+2)(g+1)glg—1)
M= €

2.2.2 Ovals and the Magic Action

In order to obtain strong results, we restrict our attention in this subsection to ovals
induced by o-permutations. We follow mainly [35]. For o-permutations, we drop the
condition that f(1) = 1. Equivalently, we drop the assumption that the resulting
hyperoval contains the point (1,1,1).

2.2.5 Definition (o-Permutation). Let f € F,[z]. Then f is called an o-permutation
if

(i) f is a permutation polynomial with f(0) = 0,

(ii) the polynomial g,(z) = (f(x + a) + f(a))z?? is a permutation polynomial for all
aclF,.

2.2.6 Definition (Oval Induced by o-Permutation). Let f € F,[x] be an o-permutation.
The corresponding oval is defined as

O(f) = {(L,s,f(s)) - s € Fg} U{(0,1,0)}.

2.2.7 Definition (os-Equivalence). Two o-permutations f, g € F,[z] are os-equivalent
if their corresponding ovals O(f) and O(g) are equivalent.

Note that an o-permutation f may also induce a hyperoval

H(f) = {(17 S, f(s)) RS Fq} U {(07 170)? (0707 1)}7

which does not contain the point (1,1, 1) because condition (ii) together with f being
a permutation polynomial guarantees that no three points are collinear (cf. Theorem
2.1.15). Then dropping the point (0,0,1) gives rise to an oval with nucleus (0,0,1).
The advantage of o-permutations is the added flexibility of having scalar multiples.

Next, we show that the nucleus has a special role when considering os-equivalent
o-permutations. This forces helpful restrictions on the collineations one has to consider
when investigating os-equivalent o-permutations.

2.2.8 Lemma. Let f,g € F,[z] be os-equivalent o-permutations. If ¢ : PG(2,q) —
PG(2,q) is a collineation mapping O(f) to O(g), then 1((0,0,1)) = (0,0,1).

Proof. Consider the tangents [y, ...,l,+1 of O(f). They are concurrent and meet in
the nucleus of O(f), which is (0,0,1). The lines ¥ly,...,¢l,11 are the tangents of
YO(f) = O(g) because ¢ preserves incidence. The tangents of O(g) also meet in the
nucleus (0,0, 1) of O(g), so ¢ must take (0,0, 1) to (0,0,1). O

2.2.9 Corollary. Let f,g € F,[z] be os-equivalent o-polynomials. Then they are o-
equivalent.

16



2.2 Equivalence of o-Polynomials

Proof. Let ¢ € PT'L(3, ¢q) denote a collineation taking O(f) to O(g). Because we have
©(0,0,1) = (0,0,1), we can extend pO(f) = O(g) to pH(f) = H(g), so f and g are
o-equivalent. O

Now we introduce our primary tool for the os-equivalence of o-permutations, the
magic action by O’Keefe and Penttila [35]. It is a group action of the group of the
collineations of the projective line on the set of o-permutations. We need some notations
and definitions first.

2.2.10 Notation. Let v be an automorphism of F,. We write y(z) =: 27 for z € F,.

Furthermore, we write 27 = v~ !(z) for z € F,. For a vector z € F¥ (with k = 2,3)
by 27 we mean vy applied component-wise and for projective points (x)?7 is meant to be
understood as (z7). Further, for a polynomial f(z) = >%, a;2* we define
PR
P = ( (1)) = S are
=0

Given a matrix A = (a;;)i j—1

2.2.11 Definition. Let

.....

IL(2,q) :={¢:F. - F., o — A" : A € GL(2,q),7 € Aut(F,)}
be the group of semilinear maps of Fg and let
PT'L(2,q) = {¢ : PG(2,q) = PG(2,q), x — Ax" : A€ GL(2,q),y € Aut(F,)}
be the group of collineations of the projective line over F,. Further, we define
F={f:F,—~F,| f(0)=0}.

2.2.12 Theorem (Magic Action on F). The group PT'L(2,q) acts on F through 1 f :
F, — F, defined by

v Al ((bx+d)f”<2§i;>+bxf7( )+de( )) (2.6)

where ¢ = x — Az with v € Aut(F,) and A = (¢%). This action is called the magic
action. The denominators, say t, are meant to be read as multiplying by t9=2. So, if a
denominator is zero, then the corresponding term is zero as well.

Proof. We begin by showing that the group I'L(2, ¢) acts on F via Formula (2.6) and
then that the group PT'L(2, ¢) inherits this action.

So let ¢ € T'L(2,q) with automorphism ~ and matrix A = (Z Z) and let f € F.

@H©) = A1 (a7 (5) +ar (5)) =0

Then we have
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2 o-Polynomials

sof e F. Letid € T'L(2, q), that is, z — <(1) ?) 2. Then we have

e =1 o 07 (20) wour (2) 2 (8)] - s,

thus idf = f.
Let ¢,y € TL(2,q) with ¢y : @ — Aja" 1) 1 x — Aga??, and
(a1 b (a2 by
A= <C1 d1> A2 = (CQ d2> '
We have 1o1)1 (x) = g (A127) = Ay (A127)7? = Ay AP277? and

AzA’lm _ (CI,YQ&Q -+ C’{sz b’lyzag + d’lme) '

CL’1Y2 Co + C’1y2 dg b’lﬁ Co + d’lm dg

All in all, we obtain

((2tn) f) (z) = ]AQA'1Y2|*% [

72 2 b 72 2 d
(O @Pb) a4 e+ dpay) oo (G102 Bt aLe B ) o)

(bflmaz + d'1Y2b2> T+ b’1y202 + d’lmdg

+ (b2as + di?by) w 17 (a? ERRGLE

72 V2
W)) + (bco + di*dy) f172 (al C2+C d?)] .
1 a2 T d1"02

b'i/2 Cco + d}/Q dg

Next, we calculate (v (11f)) (z). For the sake of readability we write g(z) :=
(¢1f> (.T), that iS7

(@) = [} ((blx +dy) (‘bm) b f (Zi) +di (2)) :

We need an expression for ¢72(x). So we calculate
1 72
7= (9 (%))
1 Y2
- (’A1|_%)72 [(W% +d}?) (f71 (almz ha Cl))
N

1
s e (2.8
=:ho
Y2 Y2
(e () ()]
by d
=:h3 =:hy
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2.2 Equivalence of o-Polynomials

We now manipulate the terms individually.

= (@ + b1 5) " = ((@ds + b))

= (adp® +be)” T = AP

The other three terms may be handled very similarly.
% 72 Y2 Y2 % 72 72 Y2
hy = | 0 a1xr2 + _ a"r + ¢ _ a;"r + ¢
by + dy b+ d* e +di*)’
1 2
ap\\ 2 al®\ 2 aj’
Ra = (2 _ T -1 _ v [ 21
3<f<m» Q «w))) d QF’
(L — g et B — vz [ 21
s O QJ) d (@J ! (@J'
Plugging these expressions into ([2.8]), we obtain

V2 = |A7? -3 2 2) f7172 a’lmw + 0’172
g (x) = |AP?| (0 +di*) f

b*x + dj?

+b¥2xf7”2 L’IYQ + dl"/2f’7172 i’z .
by? dy

Now we are able to consider (12g)(x).

(¥ag)(x) = |Ay| 2

o +C2> 72 (a2> doa? <Cz> 21
(box + do)g (b2x+d2 + boxg by + dag )| (2.10)

=T =T =T3

Applying Formula (2.9) directly results in very long expressions, so we consider the
terms 17, Ty, Ts one by one. We proceed in an ascending order with respect to the effort
involved, underlining terms colorfully that cancel in the sum.

Ty = dy|AP[ [ (o2 ) e (
2

Y2 2
262 iy [ A1 2 e [ 61
e (55) rarr (U]

al’co + c*dy
b + d?ds

72 c2 V2
a4 da + & )
V2 c2 V2

bl ds -+ d1

- |4y [ (et ) £

a’Yz 0’72
4 b?QCQfVWQ (b'lY2> + d;mdewvz (5{2)} )
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2 o-Polynomials

Next, we handle T5.

1 a’{Q az + C’1Y2
Te = box | A2 2 (b“/z dvz) 712 b2
3 2L | 1 | [ by + f b’lyz % + d’1Y2

as a’ c;?
b72 A LY1Y2 d’YQ Y12 | L

= |A?| 72| (b]? dPPby) wfre | =L =
’ 1 ’ |:( 1 ag +dy Q)xf (b’lyza2+d’ly262>

2

aj C’Yz
+ b’lyzazxf’h’m <bw> + d’Yzb mf’Yl’Yz (dﬁ)] .

And lastly, we handle T;.

V2 agx+c2
(b¥2 G2l ¥ Co + d¥2> f’Yl“/Q (al box+do +c >
V2 a2x+-c2 Y2
b2x+d2 bl b21+d2+d

9T +ec Co '72 6'72
+ b'1Y2 b2x n d2 f71'72 (b’m ) + d'YZf’Yl'}Q <d’y2>:|

ai?(asx + c) + ¢* (b + ds)
b’1)’2 (GQZL‘ —f- 02) —I— d¥2 (bQZL‘ —|— dg)

Ty = (byw + do) |AP| 2

= ]A?ZF% [(b’lm(cmx + ¢9) + d? (bow + dg)) f117? (

72

Y2
+ 0% (agx + co) f17? (sz > + d? (bex + do) f1172 <2§2>]

1 Pag + c?by) x + a’cy + *dy
— sz 3 b“/2 d’m b b“/z d'yz d Y1y2 (al a2 1 1 1
- [((”W P +8es dpa) P (e

a“/2 a’72 072
+ b'lyza2xf'ywz (b’} ) b’Yz f’yryz (b’llY2 > d’YQb xf’h“/z (CW)

d’Y2 d Y172 C'1Y2
+ 1 W2 f d’yg .
1

Now, by combining the determinants we see that Equation (2.7) and Equation ([2.10)
coincide. We have therefore proved that the group I'L(2, ¢) acts on F via ({2.6]).

For the group PT'L(2, ¢) to inherit this action, we need to show that the action does
not depend on the chosen representation of elements of PT'L(2,q). The elements of
PI'L(2,q) are uniquely determined by an automorphism y € Aut(F,) and a matrix
A € GL(2, q), up to scalar multiples. We thus need to prove that the action is invariant
under taking scalar multiples of A. We may represent a scalar multiple of A as (¢9) A
with a € F;. So far we have shown (y91)1)f = 1a(¢1f) for wl,z/}Q € FL(2 q). So, let
Yy € T'L(2, q) be a representation of ¢ € PI'L(2,¢) and let o9 : x — (3 9)x € T'L(2, q).
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2.2 Equivalence of o-Polynomials

Then we have

(ah)w) = (af (2)) = @)

and thus (o) f = 1 f for all f € F and the action is independent of the chosen
representation. O

The first important property is the semilinearity of the magic action. The second
important property, one of the reasons the magic action is interesting to us, is that
the magic action maps o-permutations to os-equivalent o-permutations. Moreover, a
collineation mapping the oval O(f) to O(1f), for an o-permutation f and a collineation
1 € PTL(2, q), can be given explicitly.

After proving these facts, we will be able to give an example easily. Also note that
PT'L(2, q) acts on the sets of o-permutations and o-polynomials as well, since we identify
maps and polynomials.

2.2.13 Lemma. The magic action of PI'L(2,q) on F is semilinear, that is, for k € F,,
f,g € F, and ¢ : x — AxY € PTL(2,q) we have

b(kf) =k f,
O(f+9) =¢f+vg.

Proof. Let k € Fy, f,g € F, and ¢ : © — Ax” € PI'L(2, q). Firstly, we have
(kf) (@) = ((kf) (+7)) = (k- £ (7)) =67 (@),

SO

axr + ¢

EN)@) = A7 (o + ery (57 + balhd)” () + dtery (G

= K1A1E (e )7 (S +oes (5) +ar (5)) = K (@),

|
~——
~—

Furthermore, we have

(F+9)7=(F+9) (=) = (F (=) +9(27)) = @) +g"(@)
and thus

(g + ) = 1A (oo +- ) +0) (§g) 0ol 00 (5) + s +07 (7))

— |A| 2 <(bx +d)f? <Z§I;> + b f7 (Z) + df” (2))
HAlE (o vy (5g) e (5) + a0 (5))

br +d
= (Vf)(z) + (g)(z).
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2 o-Polynomials

2.2.14 Theorem. Let f € F [x] be an o-permutation and let ¢ : x — AxY € PI'L(2,q),
where A = (2%) € GL(2,q) and v € Aut(F,). Then ¢f is an o-permutation os-
equivalent to f and pO(f) = O(Yf), where p € PTL(3,q), ¢ : = ¢ ;a7 with

a b 0
Py = c d 0 | € GL(3,q).
" \awn (£) bwr) (4) |41

Proof. Our approach is as described in the remarks after Definition We calculate
©O(f) explicitly and recover that ¢ f is an os-equivalent o-permutation. So let f, 1,
and ¢ be given as in the statement.

First, we note

oon (&) =aar (£ 0) (0 i () +ar (5)

— (2.11)

1 (o () o (5))
o (§) = (54 0) (5555) <03 () + ()

— |4 (bdf” (%) - bdf? (fl)) '

We start by calculating

PO(f) = {(1, 57, (£(5))) : s € By} U{1;(0,1,0)}
= {04(1,5,f7()) : s € B, f U{P4(0,1,0)}

= {(a—I— bs,c+ds,a(yf) (Z) + bs(¢ f) (Z) + |A|§f7(3)> 1S E Iﬁ'q}

ALanen(3)))

{(nt R en [ i) o)

and

(2.12)

"a+ bs’ a+ bs

=y(s)

u{(o,c+ ds.aten) (£) 405000 () 14557 (). (s (Z))}

=T

where in the second step we have replaced s by s7 and in the fourth step we scaled
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2.2 Equivalence of o-Polynomials

each point by ﬁ, after swapping the problematic point out.

We handle T first by applying Formulas (2.11]) and (2.12)). We need T' = 0, so the
corresponding point is (0, 1,0), the only allowed point from the line at infinity.

=117 (e (&) aar (5)) alart (a (2) +ar (5)) 14 (4)
— |A]z <>+|A|‘2 <bcf7 <b>+adfw( >+adf7< )Mdﬁ( ))

AP f7< >+|A|‘f7< >(ad+bc):0.

=|A]

To handle y(s), we substitute ¢ = C+d8 for s € F, \ {9}, or equivalently, s = £+¢ for

b
telF,\ {%} We first look into the denommator of y(s), where we have substituted

at+c

S = pitd

by calculating

at+c abt+ad+abt +bc  |A

atbs=a+by——"= bt +d “htd

Thus we obtain

=:S

o+ o) (£) + v anun) (§) + e alaiy (35)
A '

y(s) =

Further applications of Formulas (2.11]) and (2.12]) give

S = (bt + d)| Al Q(bcfv( )—I—ad]”( >)+(at—|—c)|A| 2(bdf”< >—|—bdfw( ))

|A|—(b?atf7 ( > + bedf? < ) + abdtf ( ) +adp (d)
+abdtf”( ) +bcdf7< > +abdtf ( > +bcdf”< ))
4 (fV ( ) (B2t + abdt) + [ (d) (ad? + bcd))

=bt|A| =d|A]

=l (o (5) -0 (3))

So, all in all, we get
AR (btr7 (8) +df (5)) + (b + ) AR ()
N A

=141 (et aafp (s ) + o (3) +dr (5)) = @no.
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2 o-Polynomials

The yet remaining point (b, d,b(vf) (%)) is, scaled by %, of the same form, so it follows
that

pO(f) ={(L,t, @f)() : t € F} U{(0,1,0)} = O ). —~

2.2.15 Example. Let f € F [z] be an o-permutation and let f denote the reciprocal

polynomial f(z) = xf(x?2). Consider ¢ : z <(1) é) x € PT'L(2,q). Then we have

Ox +1
lx+0

0N =1 (e +0)f (Trs) + 107 () +07 (5)) = 27 = fla),

so f is an o-permutation os-equivalent to f by Theorem [2.2.14] Using its notation we
have

{010
d=110 0],
00 1

so O(¢f) is an oval attainable from O(f) by swapping the first and second coordinates.

Note that this is just Example for ovals written in the language of the magic ac-
tion. Importantly, Example[2.2.2] cannot be adapted in this context because the nucleus
(0,0, 1) would be mapped to (0,1,0), but Lemma [2.2.§ prohibits that. Consequently,
the map inv taking permutations to their inverses is not an os-equivalence preserving
map.

Our next goal is to prove a converse statement to Theorem [2.2.14] namely that for
any two os-equivalent o-permutations there is an element ¢ € PI'L(2, ¢) mapping one
to the other, up to a scalar multiple. Equivalently, two os-equivalent o-permutations
are in the same orbit, up to a scalar multiple, under the action of PT'L(2, q).

The following lemma is the crucial observation that if the matrix of a projectivity
mapping ovals corresponding to two os-equivalent o-permutations onto each other looks
sufficiently enough like the matrix given in Theorem the matrices coincide. Thus
the work necessary for the converse statement reduces to ensuring that the matrices
describing the projectivities are of the correct form. This is why everything is only up
to a scalar multiple, we need this additional degree of freedom for this task.

2.2.16 Lemma. Let f be an o-permutation of PG(2,q), a,b,c,d € F, with ad+bc # 0
and z,y € F,. Let

a b 0
A=|c d 0
2 y (ad+be):

and ) : x > (Z 2) x € PGL(2,q). Then AO(f) is an oval of the form O(g) for an

o-permutation g € Fy[x] if and only if z = a(¢ f) (%) and y = b(¢ f) (%)
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2.2 Equivalence of o-Polynomials

Proof. 1If z = a(¢f) (%) and y = by f) (%), then by Theorem [2.2.14 we have

a b 0
P c d 0 — A

w =
" lawn (2) swh (2) (ad+ b0

and AO(f) = O(¢f) and thus g := ¢ f is an o-permutation.
Now assume we have an o-permutation g such that AO(f) = O(g). Let Ef be given
as in Theorem 2.2.14 and consider

Then we have (v), (w) € O(f) as well as

0 1
Av=1|1| and Aw= 10
e B

for some a, § € I, because the first two rows of A and @f coincide. Now, AO(f) may
only be an oval of the desired form O(g) if « = 0 and § = 0. Indeed, (0,1,0) is the
only point of the line at infinity of O(g) and (1,0,0) is the only point of O(g), where
the second coordinate is 0. So we obtain the linear system

vz + vy = wvslad+bc)z,
wiz + wey = ws(ad+ be)z.

ol NI

One solution, z = a(y f) (9) and y = b(¢f) (%), is already known by Theorem [2.2.14],

C
so we only need to show the uniqueness of the solution. This, however, follows because

(v) and (w) are different points of O(f). Indeed, if one of the points is (0, 1,0), assume
(v) =(0,1,0), then (w) = (1,¢, f(t)) for some t € F,, so wy # 0 and

0 V2
det <w1 w2> # 0.

If both points are not (0, 1,0), then vy, w; # 0. In this case we have

U1 V2 1 1 2
det = det o1 0
(o ) s )2

w1

because the second coordinate differs for two different points of O(f) if the first coor-
dinate is fixed as 1. O

2.2.17 Theorem. Let f,g € F,[x] be os-equivalent o-permutations. Then there is an
element k € F; and a collineation ¢ € PI'L(2,q) with ¢ f =k - g.
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2 o-Polynomials

Proof. First of all, O(g) and O(kg) are equivalent by the projectivity

10
z— |0 1 x,
0 0

so f and kg are os-equivalent as well. Now, let n € PT'L(3,q), n : * — Ax” be a
collineation mapping O(f) to O(kg). Then AO(f") = O(kg) because

nO(f) = A{(1,s7,(f(5))7) - s € F} U A{(0,17,0)}
= A{(1,s,f7(s)) : s € F,} UA{(0,1,0)} = AO(f").

x> O O

So if we have 1y € PGL(2,q), 1 : © — Az with %fy(’)(fv) = O(kg), then ¢ : x — Az
fulfills

O@Wf) = Othaf) = 25, O(f7) = O(kyg).

Thus it suffices assume that O(f) and O(kg) are equivalent via a projectivity ¢ with
associated matrix A.

We can also rewrite our problem to O(k f) and O(g) being equivalent via a projectivity
@: If we have an element 1» € PGL(2,q) with O(¢(kf)) = O(g), by Lemma [2.2.13] we
also have

100
0(¢(kf))@(k¢f)<0 1 2) O f) =0(9),
0 0

SO

The plan is to find the matrix A and choose a value for £ such that Lemma is
applicable. Since a projectivity is determined by its images on a frame of PG(2, q), we
select a particularly easy frame and consider its image under ¢. Let w;,v;,s; € F, for
1 =1,2,3 such that

Okf) <~ 0Ol
B, = (1,0,0) — (ul,u2,u;z,) =: Cl,
By, = (0, 1, O) — (’Ul, V2, Ug) =: 02,
By = (0,0,1) — (0,0,1) = s,
B, = (1,1,1) — (81782,83) =: (4.
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2.2 Equivalence of o-Polynomials

We may select the representatives

1 0 0 1
by =0, bo=1|1], b3= 0 |, by= 1,
0 0 kf(t) kf(t)
(51 U1 0 S1
Ci=a UQ,CQZb Vg |, C3 = C 0, Cqp = | S2
Uus (R} 1 S3

with a,b,c € IFZ such that ¢; + ¢3 + ¢3 = ¢4 holds. This guarantees B, = C as well.
These constants exist, as C, Cs, C3, and Cy also constitute a frame, since they are four
points of the oval O(g). Then we find that the matrix

au; bvy O
A= a U bUz 0
aus bus k.]f(t)

induces the projectivity ¢. In particular, we have A € GL(3,¢). Set

Do.— (aul bv1> .
auy buy
Note that 0 # |A| = ﬁ(t)|D| and thus |D| # 0, since ¢ # 0. Now choose

C
——— and ¢ : x — Dz € PGL(2,q).
|D|= f(t)

Then the matrices A and Ekf from Theorem [2.2.14] coincide by Lemma [2.2.16] so we

have

O(g) = AO(kf) = ¢y, O(kf) = O(W(kf))
and thus g = Y(kf). O]

Note that in [35] the crucial argument involving Lemma [2.2.16| is employed only
implicitly and is not given directly.

2.2.3 Application to Hyperovals

The goal of this subsection is to lift the results about the magic action to o-polynomials
and to obtain a set of transformations explaining the equivalence classes of o-equivalence
for o-polynomials in general and for o-monomials in particular.

We start by giving a set of generators of PI'L(2, ¢) taken from [35], utilizing a subset
of the elementary matrices. These generators correspond to a set of transformations of
o-permutations, which can be seen as building blocks for all possible transformations
of o-permutations, up to a scalar multiple.
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2 o-Polynomials

The following lemma holds for arbitrary characteristic, so we state it for the general
case, although we only need it for characteristic two.

2.2.18 Lemma (Generators of PI'L(2, q)). The following elements of PT'L(2, q) gener-
ate PT'L(2, q):

a 0 .
. aa:x»—><0 1)1’, where a € Fy,

. TCZ[EP—><i ?)x, where ¢ € T,

. qﬁ:x'—)((l) é)aj, and

o pyix— Y, where v € Aut(F,).

In fact, for € PTL(2,q), ¥ : x — AzY with A = (CCL Z), we have
TaTe0 1Py b=0,
W = OpT4o1 PP~ a=0,

adeqﬁTﬁa#pv ca,b#£0.

Proof. Let x € PG(2,q). We consider the case b = 0 first. Because |A| = ad — bc # 0,
we have d # 0. Then

o o (a 0) (1 0\ (% 0)

OaTeOLPyT = OaTeOLT —<0 1) (c 1 0 1 T
_ (@ 0\ (3 O} ,_ 0 ~_(a 0} ~_
—<c 1)(0 1)‘*‘( 1>$—cdw—1’m'

The case a = 0 can be dealt with using the first case, as we have

0 b C(booN(o 1\ ., (boO\, ., ,
PP [ S s P

Qo
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2.2 Equivalence of o-Polynomials

If a,b # 0, then

b

ode¢T aa \A|p,y;v =

(e}
)
~—
N
Qo
i)

f=p)
@)

o o
— O
N~ ~—

jen)

1

b
- <—ad+§7c+ad d) x) = 1/]27 U

2.2.19 Corollary. The following transformations on the set of o-permutations induced
by the maps in Lemma map o-permutations to os-equivalent o-permutations.
Furthermore, up to a scalar, any two os-equivalent o-permutations arise from each
other using the following transformations. For an o-permutation f € F,[x], define

o (0.f)(x) = a_%f(ax), where a € F},
(ref)(@) = f(z +¢) + f(c), where c € Fy,

o« (0f)(x) =af(3), and
(

pyf)(x) = f1(x), where v € Aut(F,).

Proof. The elements o, 7., ¢, and p, € PTL(2,q) with a € F}, ¢ € F,, and v € Aut(F,)
act on F as described in Theorem [2.2.12] and map o-permutations to os-equivalent o-
permutations, by Theorem Moreover, given two os-equivalent o-permutations
f,g € Fy[z], Theorem guarantees the existence of a scalar factor £ € IF, and an
element ¢ € PI'L(2, q) with ¥ f = kg. Now Lemma gives a representation of
as a product of the elements o,, 7., ¢, and p,. Thus g arises, up to a scalar factor, from
the transformations induced by o,, 7, ¢, and p,. Finally, we calculate

(uf)) =t (00 +1) £ (S0 w0 () +14 (F) ) = a 4 (aw),
(rof) () = <Ox—|—1 (éiii)—l—%f@)%—lf(l)):f(:n+c)+f(c),
=1(aeros (Fig) e () +0r (5)) = (5).

(02 )(@) = (<0x w1 () 0 () #1157 (3)) = @), =

Geometrically speaking, the different decompositions described in Lemma [2.2.18
translate to where the points (1,0,0) and (0,1,0) are mapped under the collineation
given in Theorem [2.2.14} Either to an affine point (1, s, f(s)) or to (0,1,0).

Our next goal is to lift these results to hyperovals and to the o-equivalence relation for
o-polynomials. For that purpose we need to ensure that the transformations preserve
the property of o-polynomials that f(1) = 1. Our argumentation follows [15, Chapter 5].
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2 o-Polynomials

2.2.20 Definition (Modified Magic Action). For a € Fy, ¢ € Fy, and an o-polynomial
f € F,[z] define the transformations

0 —ia x :L ax
(Uaf)(x)_f<a)( af)( ) f(a) ( )7
b Ja o+ ()
N (e [ R ((E Eai )

2.2.21 Theorem. Two o-polynomials f,g € F,[z] are o-equivalent if and only if they
arise from each other using the transformations 64, 7e, ¢, py, v with a € Fy, ¢ € Fy,
and v € Aut(F,).

Proof. Firstly, let f be an o-polynomial. By Theorem [2.2.14{ o, f, 7.f, ¢f, and p, f are
o-permutations os-equivalent to f. Then &,f and 7.f are o-permutations os-equivalent

to f because they are scalar multiples of o,f and 7.f. So o.f, 7.f, ¢f, and p,f are
o-polynomials because they all evaluate to 1 at 1. Furthermore, they are os-equivalent

to f, so by Corollary they are o-equivalent to f. Finally, Example shows
that invf is an o-polynomial o-equivalent to f.

Now assume f and g are o-equivalent o-polynomials and let ¢ € PI'L(3, ¢) denote a
collination with ¢H(f) = H(g). We proceed by distinguishing between the values of
©1((0,0,1)).

Case 1: Assume ¢~1((0,0,1)) = (0,0,1). Then we have ¢O(f) = O(g), so f and g
are os-equivalent o-permutations. Thus Corollary and Lemma yield the
existence of k € Fy, v € Aut(F,), and

..., a5 €4id, 04,7, a € Fy,c € Fy}
with
as...aipyf = kg.

To replace «; with its modified version @;, if necessary, we just multiply by an appro-
priate factor. Now, ¢ and id need no modification, that is, 95 = ¢ and id = id. Because
the magic action is semilinear (Lemma , we may swap the new factors all the
way to the left and obtain a single constant factor, which we denote by b € F;. All in
all, we have

kg =as...a1pyf =bas...aip,f.

Because g and as ... &1p, f are o-polynomials, & = b follows by evaluating at 1. Thus g
arises from f through the transformations 6,, 7., ¢, and p,, where a € F, and c € F,.

Case 2: Assume ¢1((0,0,1)) = (0,1,0). We reduce this case to the first case utilizing
inv. As described in Example [2.2.2] one collineation mapping H(f) to H(invf) swaps
the second and the third coordinate. Because invinvf = f, we have
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2.2 Equivalence of o-Polynomials

H(invf) H(f)
(0,0,1) +— (0,1,0) — (

Thus the first case yields that ¢ arises from f using the transformations ,, 7., ¢,
inv, and p,, where a € F;, c € F, and v € Aut(F,).

Case 3: Assume p1((0,0,1)) = (1,¢, f(t)), where t € F,. We reduce this case to the
second case along the following scheme.

O(¢7f) = O (samgmonf) & Olenf) B Omf) % O(f)
(0,1,0) — — —

Note that mqﬁrt f = ¢7.f, as the magic action is semilinear. For ¢; we may use

the projectivity induced by the matrix
10 0
01 0
00 f(I+1t)+ f(t)

For 5 and ¢3 we may use, as indicated in Theorem [2.2.14] the projectivities induced
by the matrices

010 1 00
1 0 0| and t 1 0
001 f(t) 0 1

All in all, we have the following situation.

H(¢7ef) H(f) Hlg
(0,1,0) = (Lt f(t)) = (0,0,1),

so the second case applies and ¢ arises from f using the transformations &,, 7., ¢, inv,
and p,, where a € F;, c € F,, and v € Aut(F,). a

Note that the reduction in the third case differs from what is described in [15], as
their reduction does not define a collineation.

Our next goal, and highlight of this section, is to consider when o-monomials are o-
equivalent. We need Lucas’ Theorem about congruences of binomial coefficients, with
an adapted proof taken from [20].

2.2.22 Lemma (Lucas’ Theorem). Let ¢ = 2" and 0 < b < a < q. Then (‘;) =1
mod 2 if and only if a covers b.

Proof. Write a = Yy, 2" and b = Y ;¢ 2" with I,, I, € {0,...,n — 1}. Then we have

> (4)et = (o = e = [T (144) = T [ = ¥ aZoer”

t=0 1€lg ICI, i€l I1ClI,
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2 o-Polynomials

in F,, so (Z) =1 mod 2 if and only if I, C I,. O

The next lemma yields some information about how some transformations take effect
on o-monomials. The lemma afterwards shows that some naturally appearing terms
never vanish. This is a special case of the more general 2-to-1 characterization explored

in Section A.1.11

9=2 .
2.2.23 Lemma. Let f(x) = ;2 asx® be an o-polynomial. Then the transformations
Oa, Te, and py leave the degree of f invariant for a € F;, c € Fy, and v € Aut(F,).

Proof. Let d denote the degree of f. We calculate in ascending difficulty:

d d d—2 d
2

(ref)(z) = Z agi(x + ¢)* + Z agic® = ag(x +c) + i agi(x + ¢)* + i agic®

i=1 i=1 =1 =1

a—2 d
d—1 2 2
d 2 , 2 .
= CLd.CIZ‘d + Z (k}) Cdik{El + Z agi(l’ -+ C)2Z -+ Z CZQiCQl. ]
k=0 i=1 =1

2.2.24 Lemma. Let f(x) = ¢ be an o-monomial and t € F,\ {0,1}. Then t*+t # 0.

Proof. If t¢ 4+t were equal to zero, we would either have t = 0 or t*~! = 1. Because e
is an o-exponent, e — 1 also defines a permutation on F, so t¢°' = 1 implies t = 1. [

2.2.25 Theorem (o-Equivalence for o-Monomials). Let f(z) = z¢ and g(z) = 27 be
o-monomials. Then f and g are o-equivalent if and only if

1 1 e e—1
€ B, = ;=1 —e, ) ’ }7 2.13
J {ee “1T-¢e—1 e (2.13)

where the elements of B, are meant to be taken modulo ¢ — 1.

Proof. For an o-monomial f(x) = z¢ we have the o-equivalent o-monomials (inv f)(z) =

we, (6f)(x) =2, (v o) (x) = 7=, (pinvf)(z) = 2'~¢ =2 and (inv pinv/)(z) =

xe-1. Thus B, has to contain the elements e, %, 1—e e el

’1-e’e—17 e °

Now the transformations inv and ¢ (and in particular their effect on o-polynomials)
can be described using the projectivities given in the Examples [2.2.2] and [2.2.3] Since
these projectivities correspond to permutations of the coordinates, there are only those
six o-monomials attainable using inv and ¢.

To show that the six elements of B, are indeed the only o-exponents inducing o-
monomials o-equivalent to f, we mimic the proof of Theorem . So, let g(x) = 27
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2.2 Equivalence of o-Polynomials

be an o-monomial o-equivalent to f and let ¢ € PI'L(3, ¢) denote a collineation mapping

H(f) to H(g). Because
(py)(x) = 2° = f(x)

for any automorphism v € Aut(F,), we may assume ¢ € PGL(3, ¢). Now we distinguish
again between the possible preimages of (0,0, 1) under ¢.

Case 1: Assume ¢ 1((0,0,1)) = (0,0,1). Then pO(f) = O(g), so f and g are os-
equivalent o-permutations. So by Theorem we obtain k € F; and ¢ € PI'L(2, q)
with ¢ f = kg. Because p € PGL(3, q), we may assume that ) € PGL(2, ¢) as well.

Now apply Lemma [2.2.18 to . If ¢ = 0,7.04 with appropriate a,d € F; and c € F,,
then

kg = UaTchf

has the same degree as f by Lemma [2.2.23] so degkg = j = e and j € B..
If ¢ = 0,7.04¢ With appropriate a,d € F; and ¢ € F,, then ¢ f has degree 1 — e, so

kg = O-aTcO-d(b f

has degree 1 — e as well. Thus j =1—¢ € B..

*

Now suppose that 1) = 74970, with appropriate b,a € I, ¢,d € F,, and

kg = ¢f = Ude¢TcUa f7

which we may rewrite as ¢7.0,f = kr40,-1g. Lemma [2.2.23| yields that applying o, to
a monomial introduces only a factor. Renaming b=! to b and collecting all the factors
in a new constant k € F,, we have

s
I
—

(2.14)
1 € c o fe\ . . c fe\ .. .

:q;(<+c) +c€>:xz<,>ce Tt = <,>ce LT
X i=1 \! i=1 \!

Let e = Yiep, 2" and j = Y,¢;, 2° be the binary expansions of e and j. Now, let i = 2
with 4; € I; minimal. Then by Lemma [2.2.22 (]Z) =1, so on the right-hand side there
is a term of degree i. So, if we are to have equality in Equation (2.14]), there needs to

be a term of degree 7 on the left-hand side too. That means <qii needs to be 1. We
have

n—1
q_i222l7

=11

thus 41,...,n — 1 are necessarily in I,. On the other hand, let i = 22 with i, € I,
minimal. Then on the left-hand side there is a term of degree ¢ — 7, so for equality we
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2 o-Polynomials

need a term of degree ¢ — ¢ on the right-hand side as well. As

n—1
q— 1= Z 2l7
I=iy
we therefore need iy,...,m — 1 € I;. All in all, we have 4; < i3 < ¢y, so ¢; = %2 and
e = j and thus j € B..

Case 2: Let A1 = (1,0,0), Ay = (0,1,0) and A3 = (0,0,1) and assume ¢(A;) = Ay
for a pair (i, k) € {1,2,3}%. Because Sz acts transitively on {A;, Ay, A3}, we can find a
composition ¢; of inv and ¢ transformations so that there is projectivity ¢; mapping
H(Yr f) to H(f) with ¢1(As) = A; (cf. Examples [2.2.2] and [2.2.3]). Similarly, we can
find a composition ¢, of inv and ¢, so that there is a projectivity ¢o mapping H(g) to
H(1hag) with po(Ag) = As. Now 9 f and 1h9g are o-monomials with exponents é € B,,
respectively j € B;. Therefore, the first case, applied to H(¢1f) and H(i2g), yields
j € B; = B, and since j € B; also j € B..

31,82, 83 € I, with ¢~ L(A) (1 5i,5¢) for ¢ = 1,2,3. Then there are also distinct

t1,to, 13 € ]F* with ¢(4;) = (1,%;,%). Our aim is to show that this cannot actually
happen.

Case 3: Assume ¢ 1(AZ) ¢ {Ay, Ag, A3} for i« = 1,2,3, that is, there are distinct
(1,

The projectivity ¢; induced by the matrix

o
o O

(2.15)

oo
o P
Voh!

—0

stabilizes H(f). Indeed,
prH(f) = {(L, 815, (515)) : s € F} U{(0,1,0),(0,0,1)} = H().

Usefully, ¢1 maps (1,1,1) to (1, 5, ). Analogously, let the projectivity ¢o map (1,1, 1)
to (1,%;,#]), while stabilizing H(g). All in all, we obtain the following situation.

|
-

|
-

A ™ H) S Hg) B Hlg)
(1,0,0) +— (1,0,0) ~— (1,&,8) —~ (1,1,1)
(0,1,0) ~— (0,1,0) — (1,8,8) — (1,rr)
(0,0,1) ~— (0,0,1) — (1,5,8) — (1, u,uf)
(1,1,1)  — (1,5,8) — (1,0,0) ~— (1,0,0)
(Lv,09) — (1,5,3) ~ (0,1,0) ~— (0,1,0)
(Lw,w?) — (1,33,3) ~ (0,0,1) ~— (0,0,1),

with distinct v, w € F, \ {0, 1} and also distinct r,u € F,\ {0, 1}. Thus we may replace
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2.2 Equivalence of o-Polynomials

© by 5 ot Then ¢ is induced by the matrix

a b c
A=la br cul,
a bri cu!

with a,b,c € F; being appropriate constants. Because ¢((1,1,1)) = (1,0,0) and
©((1,w,w®)) = (0,0,1) we obtain the linear system

a + br + cu = 0,
a + bl + al = 0,
a + bwr + cw'u = 0, (2.16)
a + bwr! + cww! = 0
for a, b, and c¢. The corresponding matrix
1 r U
1 7 u
1 wr wu
1 wrd we’

has full rank: After adding the first row to the second and the third row to the fourth,
adding the new second row, scaled with w, to the new fourth row yields

1 r U 1 r U

0 r+17 u+ 0 r+7r7 u+u!

1 wr wu Tl wr wu

0 wr+r7) w(u+u’) 0 0 (w4w)(ut+u)

The entries (w + w®)(u + v’) and r + 77 are never zero, as indicated by Lemma [2.2.24]
But then the linear system in (2.16]) has only the trivial solution a = b = ¢ = 0, which
is a contradiction to ¢ being a projectivity. So this case is impossible. [

Remark. In essence, when obtaining the equivalent monomial hyperovals to a mono-
mial hyperoval one needs to only consider permutations of the coordinates. So for
o-monomials we have that o-equivalence is the same as equivalence under the group ac-
tion of S3 on the set of o-monomials, which we mentioned after Example[2.2.2] However,
and this is the point making the proof difficult, this does not mean that a collineation
¢ taking H(x¢) to H(z’) for e and j o-exponents necessarily maps the points (1,0, 0),
(0,1,0), and (0,0,1) onto each other: If a collineation in the stabilizer maps one of
those points to some affine point (1, s, s°) for s € F, then ¢ is not guaranteed to have
this property. In Subsection we survey the stabilizers of monomial hyperovals and
one takeaway from there is that only translation hyperovals are affected by this. Indeed,
the bulk of the work for the first case in the proof of Theorem was concerned
with a translation o-exponent being transformed into itself.

Another interesting aspect of Theorem [2.2.25] is its origin. The first implication is
casy and a quick reference is [22, Theorem 8.4.3]. In the survey [42] about ovals Penttila
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2 o-Polynomials

attributes this result to Segre and Bartocci |45} 46], but we have not been able to confirm
this independently. The proof we have given is to the best of our knowledge new, as its
central tool, the magic action, has had yet to be developed in the times of [45 46].

To conclude this subsection, we aim to utilize the , transformation to gain insight
about binomial o-polynomials. In fact, there are no known o-binomials. We follow [34]
and start with a theorem that allows assuming that two coefficients of an o-polynomial
coincide.

a=2
2.2.26 Theorem. Let f(z) = 3,2, anx® be an o-polynomial, with a pair (i,7), 1 <
i #£ 7 < %, i —j and ¢ — 1 coprime, and ag;,as; # 0. Then f is o-equivalent to an
a=2
o-polynomial g(x) = Y2, borx®F with by = ba; and by, = 0 if and only if as, = 0 for
1<k< L2

Proof. Let b € F;. Then g := &,f is an o-polynomial o-equivalent to f by Theorem

2.2.14) and we have g(z) = ﬁf(bx) Then

a=2 [g=2 -1
2 2
g(x) = Z Z agb? agb?F %k,
k=1 \ i=1

=:cg
Therefore, we have

2i
Co; ag;b i) A2
2 _ — p2li—j) 2=

= 5 =
Coj Cl,gjb J A2,

Because ged(i — j,¢—1) = 1 and = — 22 is bijective over F,, there is a choice for b € F;
satisfying < = 1. O]

CQJ'

2.2.27 Corollary. If f(x) = ax® + bx* is an o-binomial, then ged(i — j,q — 1) # 1.
Also, there are no o-binomials if ¢ — 1 is prime.

Proof. Assume f(x) = ax® + bz* is an o-binomial with ged(i — j,¢ — 1) = 1. Then
Theorem would yield an o-binomial g(z) = az* + ar®. Then g(1) = a +a =
0 = ¢(0), so g is not an o-polynomial.

If ¢ — 1 is prime, then ged(i — j,¢ — 1) = 1, so there are no o-binomials then. ]
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3 Known Families and Formulas for
o-Monomials

In this chapter we survey the known families of hyperovals. Because we continue our
investigation into the o-monomials in Subsection [3.3] we reproduce proofs for the o-
monomials in the first subsection. Theorem indicates that for each o-monomial,
there are at most six different o-equivalent o-monomials. Our aim is to give formulas
for these six o-equivalent monomials for the known families. For this, assume ¢ to be a
power of 2 throughout this chapter.

When we speak of a hyperoval of a type, we mean a hyperoval equivalent to the
hyperoval induced by the o-polynomial of said type, e.g. a Segre hyperoval is a hyperoval
equivalent to the hyperoval induced by the Segre o-polynomial .

Let us also mention that for small values of ¢ the different families may intersect, but
(often with arguments involving the stabilizer) it can be shown that the families are
indeed distinct.

Before beginning, we turn to some classification results. A lot of effort has been
put in this topic and for small fields it is possible to do an exhaustive search of the
corresponding plane. For ¢ = 2° = 64 this has been done in [48], where earlier endeavors
for smaller fields are described as well. In short, all known hyperovals, except for one
sporadic one, belong to one of infinite families described later. The sporadic one is due
to Penttila and O’Keefe [31] in PG(2,32) and can be described via the o-polynomial

F(z) = 28+ wla® 4 w0z 1 Wlzl0 o Sp12 4 llglht 4 16 4 (11518 | (20,20
LM p22 g 6,24 4 11,26 4 028
where w € F3, is a primitive root of Fay satisfying w® = w? + 1.

Another kind of classification result concerns o-monomials and o-exponents of a spe-
cific form. In [14] Cherowitzo proves the only o-exponents of the form 2¢ + 27 are the
ones already known. Similarly, o-exponents of the form 2 + 2/ + 2% are also classified
in [49], as indicated in [§8], although we were not able to check this independently.

Further, there are also results about the classification of o-polynomials with low
degree. Concerning them we have the following theorem.

3.0.1 Theorem (|8, Theorem 1.2]). Let f € F,[z] be an o-polynomial of degree less
than %q%. Then f is o-equivalent to either z8 or z2° with k € N, that is, H(f) is either
a Segre hyperoval or a translation hyperoval.

The special case of f being an o-monomial had been proved earlier in [21] and later
with a different proof also in [50]. In the preprint [17] Theorem is strengthened
to also cover polynomials with degree up to qi using an alternative approach.
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3 Known Families and Formulas for o-Monomials

An interesting corollary is that the only exceptional o-polynomials, that is, polyno-
mials that are o-polynomials for infinitely many planes, are 2% and 22" with k € N.

Finally, we mention that there are other surveys covering the known families in a
more condensed way. See, for example, [2, Section 15].

3.1 Monomial Families

Monomial hyperovals are interesting for a number of reasons, the simplicity of the cor-
responding o-polynomials being only the first. Their stabilizers are well understood and
are surveyed in the last subsection. A second interesting application arises in Chapter [4]
where we investigate the connection between o-monomials and 2-to-1 binomials. A long
standing conjecture by Glynn [18] states that there are no further o-monomials other
than the ones described in this section. The conjecture is supported by a computer
search employing Theorem up to n = 30 by Glynn in [19].

3.1.1 Regular, Translation and Segre Hyperovals

We begin with a simple condition based on Theorem [2.1.15| for a monomial to be an
o-monomial.

3.1.1 Theorem. The monomial f(z) = x¢ € Fy[x] is an o-polynomial if and only if
(i) ged(e,q—1) =1, ged(e —1,q—1) =1, and
(ii) ((x + 1)+ 1) 272 is a permutation polynomial of F,,.

Proof. For monomials f(x) = 2° we always have f(0) = 0 and f(1) = 1. The condition
ged(e,g—1) = 1is equivalent to f being a permutation polynomial and ged(e—1,¢—1) =
1 is equivalent to

fo(x) = ((z +0)¢ 4 0°) 2972 = g7}

being a permutation polynomial. Finally, for a € F; we have
e e -2 e % ¢ e -2
falx) = ((z+a)+a%)z?" = (a (—l—l) +a)xq
a

(5 o () ) ()
S () )

so f, is a permutation polynomial if and only if f; is. O]

The first and easiest hyperoval is the regular hyperoval, which we have already seen
in Example [2.1.16] Tts first description appeared in [4, Section 5.3].

3.1.2 Theorem (Regular Hyperoval). For q even, the polynomial f(z) = z* € F[z] is
an o-polynomial.
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3.1 Monomial Families

This hyperoval H(z?) arises from the conic {(z,y,2) € PG(2,q) : z = y*} by adding
its nucleus. Since in odd characteristic every oval is a conic by Segre’s Theorem and

other families of hyperovals do not arise from conics, hyperovals of this family are called
regular. See Subsection for conics and Segre’s Theorem.

The next family is the family of translation hyperovals, which also contains the regular
hyperovals. Their discovery is due to Segre [44]. We have not been able to check this
specific reference, but it is widely attributed to him (see, for example, [2, [21]).

3.1.3 Theorem (Translation Hyperoval). For ¢ = 2" andi € N with ged(n,i) = 1, the
monomial f(z) = x? € F [z] is an o-polynomial.

Proof. We apply Theorem [3.1.1] Firstly, e = 2! is only divisible by powers of 2, while
q — 1 is not divisible by 2 at all. Hence ged(e,q — 1) = 1. Further, we have

ged(2" —1,2" — 1) = ged(i,n) = 1.
Finally,
filz) = ((z+ 1)+ 1292 =271

so f1 is a permutation polynomial too. O]

These o-polynomials f are precisely the ones inducing additive maps on F, (see [22,
Section 8.5] or [36]), or equivalently, they are precisely those o-polynomials remain-
ing fixed under the transformations 7. and 7. with ¢ € F,. Hence the correspond-
ing hyperoval H(f) is stabilized by the projectivity ¢ : PG(2,q) — PG(2,q) with
(z,y,2) — (x,y + cx, 2z + f(c)z) induced by the matrix

1 00
Ticf: C 10
fle) 01

When restricting ¢ to the affine plane {(1,s,t) : s,t € F,} embedded in PG(2, q), one
obtains a translation, since

1 00 1 0 1
c 1 0 s| = c +1s
fle) 0 1)\t f(c) t

and for this reason the hyperovals are called translation hyperovals. Note that some-
times (a generalization) of this property is used to define translation hyperovals, see for
example [42].

Next we have the Segre-Bartocci hyperovals, introduced in [46].

3.1.4 Theorem (Segre o-Monomials). For ¢ = 2" with n > 3 odd, the monomial
f(z) = 2% € F,[z] is an o-polynomial.
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3 Known Families and Formulas for o-Monomials

An easy way to prove this is to utilize a connection to the Dickson polynomials, for
which we refer to [23, Section 2.4]. They make up classical examples of permutation
polynomials, as it is well understood under which conditions they induce permutations.

3.1.5 Definition. Let ¢ be a prime power. Let a € F, and £ € N. The polynomial

Dy(z,a) = > P

i=0 L

H (k—i><_1yaix’“‘”€ﬂ““q[””]

is called the kth Dickson polynomial with parameter a.

3.1.6 Theorem ([23, Theorem 2.24]). Let q be a prime power. Let a € F; and k € N.
Then the Dickson polynomial Dy(x,a) € F,[z] is a permutation polynomial if and only
if ged(k,¢* — 1) = 1.

Proof (of the Segre o-Monomials). We have ged(6,2" — 1) = ged(3,2™ — 1), as 2 is not
a divisor of 2" — 1. Further, letting n = 2/ 4+ 1 with [ € N,

22+l _1=92.4-1=2.1—-1=1 mod3

and thus ged(3,¢ — 1) = 1.
Similarly, 5 is not a divisor of 2" — 1, as

22l _1=2.4'"-1=42—-1+#0 mod 5,

so ged(b,q — 1) = 1.
Lastly, we need

@) =(z+ 1)+ D272 = (@0 +2* +2?)2?? =2 +2° + o

to be a permutation polynomial. To this end, notice Ds(x,1) = 2° + 2° + 2. By
Theorem the Dickson polynomial Ds(z,1) is a permutation polynomial if and
only if ged(5,¢*> — 1) = 1. But we have

P —1=2"2_1=4.161-1=4—-1=3 mod 5. O

3.1.2 Glynn Hyperovals

In this subsection we treat the Glynn; and Glynn, hyperovals, originally found by Glynn
in 1985 |18], using a computer search to find monomial hyperovals. Although Glynn
considered the Glynn, o-exponent first, it is the more complicated one and is thus now
known as the Glynns, o-exponent.

The long proofs we give are the ones given by Glynn himself. As far as we know,
there is only one other known direct proof due to Cherowitzo [10, Appendix], which
itself is also very long and requires some additional machinery.
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3.1 Monomial Families

3.1.7 Definition. Let ¢ = 2" with n odd and let ¢ = QHTH, that is, o is the unique
least positive residue mod ¢ — 1 satisfying

0?=2 modq—1.

Let

n+1

B 2" ip=1 mod 4,
= 271 :n=3 mod 4,

that is, v is the unique least positive residue satisfying

7*=2 mod q— 1.

3.1.8 Theorem (Glynn; Hyperovals). Let ¢ = 2" with n odd and let e = 30 + 4 =
3.2"2 +4. Then the polynomial f(z) = z° € F,[z] is an o-polynomial.

The proof is of geometric nature: Instead of utilizing Theorem [3.1.1] (as usual), we
show that every line of PG(2, ¢) meets the Glynn; hyperoval in at most two points. The
crucial part will be the lines that do not contain the points (0,1,0) or (0,0, 1), which
we handle in the following lemma.

3.1.9 Lemma. Let ¢ = 2" with n odd. Then, for all m € Iy, the equation
Y4y +m =0 (3.1)

over F, has at most two solutions.

Proof. Suppose Equation (3.1) has at least two solutions in F,. The idea is to show
that for any two distinct solutions «a, € F, the trace equality Tr(a + ) = 1 holds.
Indeed, if we had three distinct solutions «, 3,0 € I, we would have

1=Tr(a+B)+ Tr(a+d) + Tr(B +9)
=Tr(a+a+B+B+5+0)=0.

So, let «, 8 € I, be distinct solutions of Equation (3.1]) for the remainder of the proof.
Step 1: Reduce (3.1) to a linear equation holding for y € {a, #}. Firstly, we have

+a)y+8) =y +(a+By+af=0
for y € {a, 5}, so
y? = (a+ By + ab. (3.2)

Secondly, by choosing a,b € [F, to be the solutions of the linear system

Ba + b = B,
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3 Known Families and Formulas for o-Monomials

we have that « and [ are solutions of
Yy +ay+b=0. (3.3)

Note that a # 0, as that would imply a unique solution of Equation (3.3). Raising ({3.3)
to the oth power yields

y: +ay’ +17 =0,
since 02 =2 mod ¢ — 1. Applying again, one gets
y* +a’(ay +b) + b7 =0,
SO
v’ +a’ My +a%b+ 07 = 0. (3.4)

Since Equation (3.2]) and (3.4)) are two quadratic equations with agreeing solutions, we
must have o + 3 = a°* and aff = a”b + 7. Equation (3.2]) now takes the form

y? = a" 'y +a%b+1°. (3.5)

We use Equation (3.3) and (3.5)) to reduce Equation (3.1)), where we hide the constant

terms in a (from line to line changing) constant C' € IF,,.

Yyt m=9y (Y +y)+m= (a"“y+a”b+b”) (ay+b+y)+m
= (a"y+a7b+b7) ((a+ )y +b) +m
= (a+1)a”y* + (a”“b +a’b(a+1)+ b (a+ 1)) y+C
= (a+1)a"" (a" My +a"b+ ) + (ab + b (a + 1))y + C
= ((a+1)a**2 +a%b+ (a+ 1)) ) y + C.

Step 2: Obtain Tr(a + ) = 1. Since we have a linear equation with two distinct
roots, each coefficient has to be zero. In particular, we have
(a+1)a**? = a%b + (a + 1)b°. (3.6)
As a # 0, we may multiply (3.6) by (a + 1)°"ta=2972 to obtain

(CL+ 1)04—2 — a—cr—2(a+ 1)G+lb+ a—2a—2<a + 1)0+2b0
_ a—a—2(a+ 1)a+1b+ (a—o—2<a+ 1)a+1b>"

using 0 =2 mod ¢ — 1 again. Therefore, Tr ((a +1)°™) = 0. As

(a+1)"2=("+1)(a®>+1)=a""+a° +a*+ 1
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3.1 Monomial Families

and Tr(1) = 1 (since n is odd) and Tr(a® + a?) = 0 we may conclude Tr (a”?) = 1.
Finally, we have

(a"“)% =a'""=a+p

and therefore Tr(a + 8) = 1. O

e—1
mod ¢ — 1) defines an o-monomial instead. Using the formulas we derive in Theorem

we obtain

Proof (of the Glynn; hyperovals). By Theorem [2.2.25|we may prove that ¢ = % (taken

n+1
22"42 7 =1 d4 2
E=13 i’ " moas ¢ * mod ¢ — 1
% n=3 mod4 3

and that z° is a permutation polynomial of F,. Also note that the derivations of the

formulas in Theorem do not depend on e actually being an o-exponent!

1
Firstly, only the points (0,1,0) and (0,0,1) are on ly, = <(é)> . On the lines

a\\ L =
la = <((1))> for a € F, we have (0,0,1) and one other point from H(z°), since x — x

ayy L
is a permutation of F,. Similarly, on the lines I, = <<(1)>> we have (0,1,0) and one
other point from H(z¢), since x — z° is a permutation of F,.
So, we only need to handle the lines [, with a € F, and b € F},. A point (1,z,2°) €

H(2°) with z € F, is on I, = <((ll>l)>L if and only if
a+br+12°=0. (3.7)

As n is odd, we may substitute z = b>“*Yy3 in (3.7) to obtain

o+2

+
0 — <b3(a+1)y3> . b3(0+1)+1y3 +a,
— b02+30+2y0+2 + b30+4y3 +a

and setting m = 75 thus
Y2 4P+ m = 0. (3.8)
By Lemma [3.1.9 Equation (3.8)) has at most two solutions. O

Remark. Interestingly, now that we know that e = 30 + 4 is an o-exponent, we can
sharpen the statement of Lemma [3.1.9| a bit: By Lemma [2.1.3] we know that each line
meeting H(z¢) contains exactly two points of the hyperoval. Therefore, Equation
has exactly two or zero solutions, depending on the corresponding line of PG(2, q).

Next, we turn to the Glynns hyperovals.
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3 Known Families and Formulas for o-Monomials

3.1.10 Theorem (Glynn, Hyperovals). Let ¢ = 2" with n odd and let

2% 12" in=1 mod 4,
e=v+o0= ntl ntl

274 4272 :n =3 mod 4.

Then f(x) = x°¢ € F,[z] is an o-polynomial.

The crucial part of the proof is establishing that fi(x) is an o-polynomial and the
key ingredient is the following generalization to the classical trace condition for the
solvability of quadratic equations, given by Glynn |18 Result 5].

3.1.11 Theorem. Let n,k € N with ged(n, k) = 1, a,b € Fon and let g € N with
g= (2" —=1)7! mod 2" — 1. Then the equation

2 far+b=0 (3.9)

over Fon has either

o one unique solution if a = 0,

e no solution if a # 0 and Tr (ag%) =1, or

o exactly two solutions if a # 0 and Tr (ag’il) =0.

Proof. For our purposes the weaker statement that Equation (3.9) having a solution

implies Tr (#) = 0 when a # 0 suffices, so we only prove that. Assume that a # 0.
We have

k. g=02"-1)g+g=1+g mod2" -1,

so dividing Equation (3.9) by a9 yields

1\ =z b _0
<a9> Jr&jLag“_

Suppose there is an element ¢ € F, satisfying 2+

lfH = 0. Then

a9

b b b
_ 2k _ 2k _
O-Tr(t +t+ g1>—Tr<t +t)+Tr<gl>—Tr<g1>. ]

Now, the general strategy is as follows. We assume two elements s, ¢ € F, get mapped
to the same element under f;. Using this relation, we derive an equation of the type
27 + Az + B = 0, which has at least one solution coming from s and t. We can then
infer by Theorem that some trace equation holds and use the specific properties
of o and 7 to show that this trace equation, in fact, cannot hold. The details are highly
technical and we begin with a lemma that helps to establish the equation.

3.1.12 Notation. Let ¢ = 2" with n odd and let s,¢ € F, be two distinct elements.
Define
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3.1 Monomial Families

1. §:=8(s,t) :=s+t,
2. T :=T(s,t) = st,
3.V :=Y(s,t) =TS ? =

s2 +t2 I

4. By = Ba(s,t) = (82 + )Y S = F:J:;éiﬁ for a € N, and
5. K := K(s,t) = [3,_1.

3.1.13 Lemma. Let ¢ = 2" withn odd and let s,t € F, be two distinct elements. Then
we have

1. 6071 :K‘FKW,
2. 60+7,1:K—|—K2—|-K'Y—|—K7+1+KU+KWU7 and
3. Tr(K) =0.

Proof. This proof is done mostly by direct computations. We begin with some auxiliary
statements. Firstly, we have 8y = (s +t°)Y'S™2 = 0 and for m € N we have

s+ 12"
m=——-—Y =Y.
b (s +1)2"

Furthermore, for any a € Nand [ € {1,...,a} we have
Ba =Y " BiBacizr + Bio1Bat, (3.10)
proven by direct computation, denoting the right-hand side by L:
I —y-! (Sl + tl) y gt (Sa—l+1 + ta—l—i—l) y §-ati-1
4 <3l’1 + tlfl) y g1 (Safl + tafl) y §—at

_ (Sz + tl) (Sa—l—H +ta—l+1) yg-e-1 + (sz—1 +tl_1) (Sa—l + ta—l) y2g-atl
_yg§-at (Sa+1 + glpa—itt + Hga—l+l + ta—f—l)
T Y52 . YSfafl (safl + Slfltafl + Safltlfl T tafl) )

By recalling Y S? = T = st we arrive at

I — YS—a—1 (8a+1 + Slta—l—i-l + tzsa—z+1 + ta+1 +ts% + Slta—z+1 n Sa—l+1tl + Sta)

= VS (st st ) = VST (s 1) (5" + 1))
= Y S (s* + %) = B,.

Next, for m € Ny we have

m—1 )
Bom_1 =Y Y7, (3.11)
=0
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3 Known Families and Formulas for o-Monomials

proven via induction. For m = 0 there is nothing to do, as $y = 0. For the induction
step m — 1 — m we utilize Formula (3.10]) using a = 2™ — 1 and [ = 2™~!. We then
obtain

ﬁgm_l — Y_162m71/62m—1 + BQm—l,1B2m—1,1

m—2 ) 2 m—1 )
:Y*W+<ZYﬂ:=ZY?
1=0 1=0

In particular, we have §,_; = Tr(Y).
Now, since

v — st s N ( s )2
S22 s+t s+t/) "’
we have 5,1 = Tr(Y) = 0.
And as the last auxiliary statement, we have Y = K + K7 + K” 4+ K?7. Consider

the case n = 1 mod 4 first by writing n = 4/ + 1 with [ € N. Then ¢ = 2%*! and
v =231 As K = (3,_1, we have

3l ] 3l ) 3l _ 31 .
K + KU + K’y + K’ya — Zygz + Zygz.221+1 + ZYQz,QSlJrl + ZYQ '251+2‘
=0 i=0 =0 i=0
—=:By =:B; =:Bsy —:B3

By applying Y2 = 1, while coloring those terms which will combine to Tr(Y) = 0 in
the sum, we may calculate

R /15 S 4l o _
2i 2 2 2
Bi= Y" =3 Y= ) Y4 Y
i=0 i=21+1 i=21+1 i=0
Bl o el al A
2 2 2! 2
Bp= Y= 3 Yi= ) Y4R Y
i=0 i=31+1 i=31+1 i=0
Bl ., 842 4 _
7 7 7
L S G ST SR e
i=0 i=51+2 i=l+1

Since By and Bz sum to Tr(Y) 4+ Y =Y, we have Y = K + K7 + K7 + K. In this
case, we can continue by showing 5, 1 = K + K7. We have

41 ] 21 ] 3l ] 41 ) 21 )
Bodn =TtV 4+ B =S Y2+ 3 Y7 =3 v? + 3 v? 43 v?
i=0 i=0 i=0 =0

i=3l+1
6l+1 B
=Byt Z v :67—1""25/2
i=31+1 i=0

23l+1

3 _
=ﬁm+<ZYﬂ =B+ B8 =K+K.
=0
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The other case n = 3 mod 4 is a little more straightforward: We write n = 41 + 3
with [ € Ny. Then o = 22+2 and v = 2!, leading to

l ) l ) l ‘ 1 o
K _'_ KU + K'y _'_ K’yo’ — Z Y21 + Z Y224221+2 + Z Y21.21+1 + Z Y2Z'23l+3

=0 1=0 =0 1=0
3142 2141 ; 4l+-2
:ZY2‘+ v+ Y vPe Y v¥ a4y
1=21+2 i=l+1 1=31+3
= Tr(Y) +Y =Y.

Continuing with proving 3, 1 = K + K7, we have

20+1 2141
/80_1 — Z Y2z Zy2z + Z Y21 _ ﬁ'y_l + ZYQI ol+1 _ 67_1 + B»y | = K+ K.
=0 i=0 i=l+1 i=0

To verify the statement regarding 3,1, we use Formula (3.10) with a = o 4+ —1
and [ = o to obtain

Boin—1 = Yﬁlﬁoﬁcﬂ“yflfzﬂrl + Bo—18y-1
=Y +(K+K"K
=K+ K"+ K"+ K7 + K?+ K.

Finally, K is a sum of Y2 terms, so Tr(K) = 0, as Tr(Y) = 0. O

The next two lemmas are needed to rewrite the equation in question in a more
convenient form.

3.1.14 Lemma. For g = 2" withn odd and s,t € ¥, distinct,
(y—1)"t'=q0+0+7y+1 modgqg—1

holds. In particular, x — 27! is a permutation of F,,.

Proof. We have

(v=—1)(ywo+o+~v+1)=24+y0+0+y—y90—0—v—1 modq—1
=1. [l

3.1.15 Lemma. For ¢ = 2" with n odd and s,t € F; distinct, we have K # 0 and
K71 +1+#0.

Proof. By the definition of K, we have

R A

Kzﬁy—lzm

st # 0,

as 8771 # 771 by Lemma [3.1.14
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3 Known Families and Formulas for o-Monomials

Further, if K7~' + 1 = 0 were to hold, we would have K = 1. Then, since n is
odd, Tr(K) = 1 would follow. This, however, is ruled out by Lemma |3.1.13] stating
Tr(K) = 0. O

We are now ready to tackle the proof of Theorem [3.1.10}

Proof (of Glynng hyperovals). Firstly, the formulas obtained in Theorem and The-
orem [3.3.4] are valid independent of whether e is an o-exponent, so we can conclude that
ged(e,q — 1) = ged(e — 1,¢g — 1) = 1 holds.

By Theorem only h(z) = ((z + 1)° + 1)z?"2 being a permutation polynomial
remains to be shown. For a contradiction, suppose there are two distinct elements s,t €
[, satisfying h(s) = h(t). Since x — z° is a permutation of F,, we have h~1({0}) = {0}.
Therefore, s and ¢ are not zero.

Step 1: Deriving the equation in terms of K. We have

h(s) = (s + 1)7F7 + 1)s972 = (7 + 1) (57 + 1) + 1) 57

= (s"er + 57 + s“’) §972 = g7t o7t g L
Multiplying 0 = h(s) + h(t) by Y'S=+7=1 gives

(s‘fﬂ—l + t"”—l) y§-etr=1 4 (s”_l + t"‘l) y§—(e+1-1

=Bo+v—1 =Bs-1577
-1 -1 —(o+vy-1) _
+ (s +t ) YsS =0.

zﬁ'y—ls_a

Substituting x = S~ and using the formulas given in Lemma [3.1.13| yields
K"+ (K+ K)o+ K+ K +K + K™+ K74+ K" =0.
Since K # 0 by Lemma [3.1.15, we might divide by K to arrive at

P+ (K 1) o+ K+ K7 4 KT+ KO 4 K07 4 1 =0, (3.12)

Step 2: Reformulating Equation (3.12)) in terms of A :== K"~!+1. By Lemma|3.1.15
we have A # 0 and by setting

g=y0+o+y+1=(y—1)"" modqg—1

we have K = (A + 1)9 by Lemma [3.1.14}
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3.1 Monomial Families

Next, we rewrite the constant parts of Equation (3.12)) in terms of A.

B:=K+K '+ K +K '+ K7 141
—A+KAQ+K"™ Y+ Ko+ Kot
= A+ (A+ 1A+ K7 (14 K07D7)
= A+ A(A+1)7+ (A+ 1% (14 K71
= A+ A(A+1)9+ A7(A+1)90D,

Calculating

glo=1)=(o+o+y+1)(oc—1)
=yo’+ o’ +yo+o—qyo—0—v—1
=2y+2—y—1=v4+1 modg—1

then yields
B=A+AA+1)9+A°(A+ 1)
Equation (3.12)) is now of the form

27+ Ax+ B =0. (3.13)

Step 3: Reaching the contradiction with the trace equality. Equation (3.13]) has at
least one solution z = S~ by construction. Therefore, since A # 0, by Theorem |3.1.11

we must have
B
Tr <A9+1> = 0.

We calculate Tr (%) to be 1 now and thus reach a contradiction. We begin by
examining

B
Ag+l

= A9 (14 (A+1)7 + (A+1)H1A7T),

=L

We have

L=1+(A+1)7(A+1)7(A+1)(A+1)+ (A+1)(A+1)A!
=14 (A7 + AT AT+ 1+ AT (A+1)(A+ 1)
=1+ (A7 A7 AT+ AT 1) (AT AT A1),

49



3 Known Families and Formulas for o-Monomials

Expanding yields

L = 1+A'ya+a+’y+l +A'yo+a+'y_|_A'ya+a+1 +A’ya+a
; Avoty+l + AVt + Avotl + A
+A7+o+1 +Aa+'y+Ao+1 +AU+AJ+’Y+AO’+’Y*1 _i_Ao_i_Aofl
+ AT+ AT+ A+

Cancelling and artificially creating a ¢ summand in the exponents gives

[ = A9 —|—A9_1 4+ A9 _i_Ag—v—l 4+ A9C +Ag—0—l 4+ A9 +Ag—v—a—1A9—vo
4+ ATV Ag—w—Q +A9—70—7—2 4+ A9TYOTO Ag—w—o—l 4+ A9V

Next we group the terms of % into parts which will amount to 0 when taking the
trace by underlining them in the same color. Note the relations

Avo—2 — po(=y—0)

Y

A2 — pr(=yo—0-1)

A== — Av(=y=o—1)
We have

B
Agtl

=14+ A+ AT+ AT AT AT AT A
4 Ae + ATV 4 A*’yaf2 + Af'yo'f'ny 4 Ao 4 A*'yafafl 4 A"Vo—v—o

and, therefore,

Tr (Ail) = Te(1) + Tr (A7 + (A7) ) + T (A7 4 (A771))
+Tr (A7 + (A7) ) + Tr (A (A1)
+Tr (A7 + (A7) ) + e (A7 4 (477t
+Tr (A7 (A7)
=Tr(1)+0=1,

as n is odd. O

3.1.3 Stabilizers of Monomial Hyperovals

This subsection is interesting to us mostly for its interplay with Theorem [2.2.25] In the
remark after its proof we already discussed how the stabilizers affect its conclusions.
Furthermore, in the third case of its proof we used a specific projectivity (given by
the matrix in (2.15)) always present in the stabilizer of H(z¢) to simplify the given
situation.
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3.1 Monomial Families

First of all, any collineation induced by an automorphism of I, stabilizes the mono-
mial hyperoval H(z¢), as monomials have 1 as their coefficient. Therefore, we only need
to consider their homography stabilizer, that is, the set of projectivities from PGL(3, q)
stabilizing the hyperoval. The results surveyed here have been obtained in [32], if not
indicated otherwise.

We begin with the regular hyperovals and continue with the irregular translation
hyperovals.

3.1.16 Theorem. Let ¢ = 2" with n € N. Then

o forn =1 a reqular hyperoval has a transitive homography stabilizer of order 24
isomorphic to the symmetric group Sy,

e for n =2 a reqular hyperoval has a transitive homography stabilizer of order 360
isomorphic to the alternating group Ag, and

o forn >3 a regular hyperoval has a homography stabilizer of order (¢ + 1)q(q — 1)
isomorphic to PGL(2,q) (see [22, Theorem 8.4.2 Corollary 6]).

3.1.17 Theorem. Let n,h € N with n > 3,2 < h < n—2, ged(n,h) = 1 and set
q = 2" and e = 2". Then the translation hyperoval H(z¢) has a homography stabilizer
of order q(q — 1), which fizes the points (0,1,0) and (0,0,1) and has {(1,s,s°) : s € F,}
as the remaining orbit.

Interestingly, there is no need to distinguish between Segre and Glynn hyperovals (or
other types if they exist).

3.1.18 Theorem. Let e € N such that H(z¢) is a hyperoval of PG(2,q), though not a
translation hyperoval. Then

o ife2—e+1=0 mod q— 1, the homography stabilizer of H has order 3(q — 1)
and has the orbits {(1,s,s°) : s € F;} and {(1,0,0),(0,1,0),(0,0,1)},

o otherwise the homography stabilizer of H has order ¢ — 1 and has {(1,s,5°) : s €
F:} as one orbit, while fizing the points (1,0,0), (0,1,0) and (0,0,1).

The only o-exponents e known to satisfy ¢ —e+1 =0 mod ¢ — 1 are ¢ = 6, the
Segre o-exponent, for ¢ = 32 and e = 20, the Glynny o-exponent, for ¢ = 128. From
the known families these are the only possible examples, as 6 — 6 + 1 is constant,

(30 +4)?* 30 —4+1=21lc+31 modqg—1
grows slower than ¢ — 1, and
(c+7)?—-0—-7v+1=0 modq—1

implies 9 = 70 + 67 mod g — 1 by squaring, which also can happen only finitely many
times, since 7o 4 6y grows slower than ¢ — 1.
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3 Known Families and Formulas for o-Monomials

3.2 Non-Monomial Families

3.2.1 g-Clans

In order to appreciate the construction of the Subiaco and Adelaide hyperovals we
make a quick detour to the theory of g-clans, as they are fundamentally connected to
those hyperovals. We only sketch their construction and follow |13 Section 2], where
also proofs for the given statements and further connections to other objects of finite
geometry can be found.

3.2.1 Definition (g-Clan). Let C' = {4, € F2** : t € F,} be a family of 2 x 2 matrices
over ;. Then C'is a called a g-clan if the quadratic forms

Qu(z,y) = (z ) (AS - At) @)

for distinct s,t € [F, are anisotropic, that is, Q«(z,y) = 0 if and only if x = y = 0 for
all distinct s,t € .

For each qg-clan there is also a normalized g-clan obtainable via a normalization
process.

3.2.2 Definition (Normalized ¢-Clan). A g-clan C' with Ay = 0, 4; = ({ /) and

A = (%t tj ) for t € F, is called a normalized q-clan.

When writing a = ¢1, f(t) = a; and g(t) = %, the following, although only noted in
[13], is a consequence of Theorem |3.1.11}

3.2.3 Theorem. Let a € F, and let f,g € F,[z]. Then

{9 ) ren)

is a normalized q-clan if and only if

H<Mﬂﬁ+f@XMQ+Mm>:l

s+t

holds for all distinct s,t € F,,.

The next theorem is the reason that g-clans are interesting to us: A normalized g-clan
induces ¢ + 1 o-polynomials, which induce a so-called herd of ovals.

3.2.4 Theorem. Let a € F, and let f,g € F,[z] with f(0) = g(0) = 0 and f(1) =
g(1) =1. Then

ﬁ<aﬂ@+fwxmw+mm>:1
s+t
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3.2 Non-Monomial Families

holds if and only if Tr(a) =1, g is an o-polynomial and the map

N

f(z) + asg(z) + s2x
1+ as+ s2

fs(x) =

describes an o-polynomial for all distinct s € F,.

3.2.2 Subiaco and Adelaide Hyperovals
We begin by describing the Subiaco g-clan.

3.2.5 Theorem (|13, Theorem 5]). Let d € F, such that d*+d+1 # 0 and Tr (é) =1.
Set

d* + d° + d2
T d+d+d?)
Pt )+ P14 d+ d?)(a® 4 2?)
B (22 +dx +1)?
P P AP P P dz
B (2 + d° + d2)(22 + do + 1)? Pt ds

N (G

is a g-clan, called the Subiaco q-clan.

1
+ 2,

()

[N

9()

Then

In [40] various properties and a different representation of the Subiaco g-clan are
shown, for example it is proven that different choices for d € F, lead to equivalent
g-clans by giving an explicit isomorphism in their Theorem 4.4. Furthermore, it is
established that for ¢ = 2" with n # 2 mod 4 only one hyperoval, up to equivalence,
arises from the Subiaco g-clan. This hyperoval may be described by the o-polynomial
given by the map

d(z* + )+ d*(1 + d + d&?) (2 + 2%)
(22 +dx + 1)2

f(z) = +:c%,

where again d € F, such that d*+d+1 # 0 and Tr (é) = 1. In |33, Corollary 14 and 17]
its stabilizer is worked out to be a cyclic group of order 2n for ¢ > 32.

If n =2 mod 4, the situation is a little more delicate, as there are two inequivalent
hyperovals arising from the Subiaco g-clan [40, Theorem 6.13]. Let w € F, with w? +

w+1=0. Such an element w exists, since 2|n and thus F, <F,. Then the polynomial
describing the map

Wizt + w?x

- zd 4+ w22+ 1

=

f(zx) +

23



3 Known Families and Formulas for o-Monomials

is an o-polynomial for the first kind [40, Eq. 53 or Theorem 6.6]. It has a stabilizer of
order 10n for ¢ > 64 [40, Theorem 6.13]. The other hyperoval is explicitly described in
138, Eq. 50]. Let ¢ be a primitive element of F 2 and let A = ¢?7'. Then 6 := A+ A7!
is an element of [y, since

2

q“-1 1—q
59 = (I (T = (I @ <1>

=21t r=04.

The polynomial given by the map

N

_ 2at + 823 + 6222 + 0% <x>
1)

f(@) = xt+ 0222+ 1
is an o-polynomial for the second kind, whose associated hyperoval has a stabilizer of
order 5% for ¢ > 64 (see [40, Theorem 6.13] again).

The Adelaide g-clan has been described in [11].

3.2.6 Theorem (|11, Theorem 3.1]). Let ¢ = 2" with n > 2 even and let § € Fp \ {1}
with T = 1. Let further m € N with m = i% mod g+ 1. LetT : Fp — F,
be the trace map, that is, T(z) = x + 29 for x € Fp. Define a € F, and functions
f,g:F, =T, by

(™) 1
-7 tTem T
T(B™)(t+1) T (Bt + 59)™) 1
t) = -+ 12,
#e) T(B) i T(B) (t +T(B)t: + 1)7”’ i
ag(t) = rE™), N T((Bt+1)") t2

CTE) T rErem (e )" T

o~ (1 )en)

is a q-clan, called the Adelaide g-clan.

Then

Remarkably, when choosing other values for m such that different congruences are
satisfied, one can obtain other g-clans as well, including the Subiaco g-clan. In [12] it is
shown that there is, up to equivalence, only one Adelaide hyperoval, in particular it is
shown that the concrete values of § and m do not matter. One suitable o-polynomial
is given by the map ¢ — f(t) from Theorem [3.2.6] For ¢ > 64 the Adelaide hyperoval
has a cyclic stabilizer of order 2n [41], Corollary 7.3].
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3.2 Non-Monomial Families

3.2.3 Payne and Cherowitzo Hyperovals

The Payne hyperoval was found by Payne in 1985 [37], while investigating generalized
quadrangles, which are geometric spaces with quadrangles but no triangles (see, e.g.
[1]). We include a proof, as it is short and provides an explicit example to the usage of
g-clans. The original work is also hard to find. Furthermore, we also yield another proof
for the Segre o-monomial as a byproduct. We give the proof found in [7] or alternatively
in |39, Section 2.4].

3.2.7 Theorem (Payne Hyperovals). Let ¢ = 2™ with n odd. Then the polynomial over
F, describing the map

f(z) = 2% + 6 + 26

is an o-polynomial and its hyperoval is called the Payne hyperoval.

Proof. Letting a = 1, f(z) = 2% and g(z) = x5, we prove that

11
b t; :tel,
0 to

is a g-clan. By Theorem we need to show that

- ((s +1)(s® + t5)> _1 (3.14)

56 6

where we already substituted s — s® and ¢ — 9, for all distinct s,¢ € F,. Using the
relations

§°+ 17 = (s+1)(s* + st +1°) and s° +1° = (s + t)(s* + $°t + s°* + st + ¢*)
we have that

- (s+t)(s"+t°) m st S+ P4 sttt St st
646 (52 4 st + 12)2 st S22 g2

- st +< st )2
24 st +t2 s2 + st + t2

has trace zero. Since n is odd and therefore Tr(1) = 1, Equation (3.14) must hold.
Then by Theorem the polynomial describing the map

fi(z) = 78+ 36 + 22
is an o-polynomial. O]

The Payne hyperoval has a cyclic stabilizer of order 2n for ¢ > 32 [47].

The Cherowitzo o-polynomial has long been conjectured to be an o-polynomial (see
for example [9, Section 4]) and has been finally proven to be one by Cherowitzo in 1998
in |10] using a generalization of g-clans called a-clans.
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3 Known Families and Formulas for o-Monomials

3.2.8 Theorem ([10, Corollary 20]). Let ¢ = 2™ with n odd and let o = 2%, that is,
o s the unique least positive residue mod q — 1 satisfying

0>=2 modq—1.

Then the polynomial

n+1 n+1

n+1
f(:(]) — $U+ZEU+2 +x30+4 — $2 2 —I—:L’2 2 42 —i—JZs'QT +4
is an o-polynomial.

When ¢ > 32, the associated hyperoval has a stabilizer of order n, consisting of only
the automorphisms of I, [3, Corollary 4.4].

3.3 Explicit Formulas for the Known Monomial
Hyperovals

Our examinations in Chapter 2] culminated in Theorem [2.2.25] stating that for each
o-monomial, there are exactly five more o-equivalent o-monomials. Our goal is now to
give explicit formulas for those o-monomials o-equivalent to the known o-exponents we
dealt with in Section 3.1l

The strategy is generally as follows. We use computer calculated examples in small
fields to search for a general pattern in the binary expansion of the exponents. These
patterns are usually quick to spot and may be exploited to obtain a formula using the
geometric series. Note that this approach ensures that the formulas found require only
division in Z and always give the least positive residue modulo g—1. Obtaining formulas
for (1—e)~!, when e is the exponent in question, requires some more work, as (1 —e)™*
is dependent on n mod 4 (and even on n mod 8 for Glynny) as well. Afterwards, one
has to check by brute calculation that the formulas are indeed valid. Note that we only
need to calculate e™! and (1 — €)1, as the others follow easily then.

Finally, we would like to mention that some of these formulas are already known. For
the Glynn o-exponents Glynn himself gives the equivalent o-monomials in |18], although
only in terms of v and o and not as explicit as we do it here. In [5, Table 1] some
relations are given, sometimes explicit, sometimes as a series. Series representations
are also given in |14, Tables 1 and 2]. These references, however, were found only after
the following work was already done. Also, in [16, Section 2.2.2] explicit formulas for
1—e and e~! of the Segre and translation o-exponents are given, which were the starting
point of the following work.

3.3.1 Segre Exponents

3.3.1 Theorem (Transformations of the Segre o-Exponent). Let n € N be odd, that is,
n =2+ 1 with |l € N. Then for e = 6, the Segre o-exponent, the following relations,
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3.3 Explicit Formulas for the Known Monomial Hyperovals

taken mod 2" — 1 each, hold.

1—e=2"—-6,
1 5.2m1_2
e 3
e—1 2142
e 3

1 _{2"5_2 :n=1 mod 4,

l—e 32-% :n =3 mod 4,

e {42?“2 :n=1 mod 4,

e—1 % :n=3 mod 4.

Proof. The first relation is clear, since 2" —6 = 1 — 6 mod ¢ — 1. By consideration
of the binary expansions of e~! for small values of [, one can extrapolate the following
form.

2= (110 1010 ... 10)s
[—1 10 blocks
-2 -2
—_ 22l 4 22l71 4 Z 21+2j — 22[ 4 22[*1 19 24_7
j=0 j=0
4l—1 -1 9. 22l—1 22l—1 )
— 22l 22l—1 9 —
+ + 3 3 + 3
10221 -2 5.92_2 5.9n1_2
B 3 3 3

We can verify this formula by computing

5-271 -2

3 - 6=5-2"—4=1 mod 2" — 1.

For the third relation we may resort to the second via

eml 1o, 5.2t -2 3.2"—-5.2"'42 2142
(& N e_ 3 - 3 = 3

mod 2" — 1.

Next we consider the case n =1 mod 4 first, writing n = 4141 with [ € N. Examples
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3 Known Families and Formulas for o-Monomials

of (1 —e)~! for small sizes of [ lead to

zp = (11001100 ... 1100 110),
-1 1100 blocks
-2 ‘ ' = =
=2+274) 2PV 4207V =24 22 4 27 167 +2°) 167

j=0 j=0 j=0
16[71 -1 24[74 -1 24l~+1 _ 25
=6 2 4+20) — — — —=6+3-2"—— =64 "
@ H2) T * 15 T
24l~+1 -9 on _ 9
5 5

This is indeed the general form of (1 — €)™, since

2n — 2
3 (1-6)=2-2"=2—-1=1 mod 2" —1.
Furthermore,
1 2" —2 4.2" 42
C _1- — o _ — T ed 2" — 1.
e—1 1—e 5 5

So, only the case n =3 mod 4 remains. We write n = Al + 3 with [ € Ny. If we look
at the binary expansions of (1 — e)~! for small values of [ again, we may suggest the
following form:

xy: = (100 11001100 ... 1100),

7 1100 blocks
-~ -1 5 1—1 [71
— 24l+2 + Z 22+4j + 23+4j — 24[-‘1—2 + 22 Z ].6'] + 23 Z ]_6‘]
3=0 j=0 =0

5 5 5
This is indeed the general form, as

3-2" -4

= (1-6)=4-3-2"=4-3=1 mod 2"~ 1.

Finally, we have

3.3.2 Glynn Exponents

3.3.2 Theorem (Transformations of the Glynn; Exponent). Let n be odd, son = 21+1
with | € N. Then fore=3- 2" +4=3.21+1 +4, the Glynn; o-exponent, the following
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3.3 Explicit Formulas for the Known Monomial Hyperovals

relations, each taken mod 2™ — 1, hold.

l—e=2"-3.2"% —4
1 n—
S =3.2" —2
e
-1 ne
T o 3.9 o
e
nil
1 =2 :n=1 mod 4,
= ngt
l—e on 2.2 42 23+2 :n=3 mod 4,
nil
e 22242 2 :p=1 mod 4,
=9 .nst
e—1 2= 42 :n=3 mod 4.

n+1

Proof. The first relation is clear, as 2" —3-22 —4=1-3- 2" —4 mod 2" — 1. By
consideration of the binary expansions of e~! for small values of [, one can extrapolate
the following form.

2 :=(1011...10)
—_—

-1 1s

-2 -2
— 2l+1 + Z 21+] — 2l+1 + 2 Z 21+]
7=0 7=0

=2l 9. (2 1) =3.2—2=3.2"7 —2.
Direct computation verifies the validity of the formula:

:c,.e:(3.21—2)-(3.2”1+4):9-22l+1+12-2l—6~2l“—8
=9.2"4+12.20-12.2-8=9-8=1 mod 2" — 1.

Further, it follows that

_]_ ]_ n—
€ —1--=2"-3.2"" +2 mod 2" — 1.
e e

First, we consider the case n =1 mod 4 by writing n = 41+1 with n € N. Examples
of (1 —e)~* for small sizes of [ again lead to

27 =(1010 ... 1000 ... 0)s
l —_——— N
7 10 blocks 21 0s

-1 B
_ 2041425 __ 92041
= ¥ o — gaih.

Jj=0

4t 1
3

24Z+1 _ 2QZ~+1 omn _ QHTH

3 n 3
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3 Known Families and Formulas for o-Monomials

That is indeed the general form of (1 — e)™!, because

1— 22i+1
] 3
—92%+2 _1=1 mod 2" —1.

(1—e) = (1-3-2271 —4) = (=22 —1) (-2 + 1)

And we also have

+1 n+1

e 1 on — 2% 2.0 427

d2" —1.
e—1 1—e¢ 3 3 o

S0, only the case n =3 mod 4 remains and for that matter we write n :~4[~+ 3 with
| € Ny. By looking at the binary expansions of (1 —e)~! for small values of [, we arrive
at the following conjectured form:

x[;:(11...1101o...10)
2[+1 1s  [+1 10 blocks
22[252‘ é12‘ Zﬂ_l 2[2(2[1 )
=) MR N =0 0% (22
j=0 =0 3
22l~+3_2+3_24l~+3_3_22l~+2
N o3
3.2 -2 -2, 2" 42
- 3 - 3

This is the general form of (1 — €)', which can be verified by calculating

(1—e) -a;= (1 - 3. 920+2 _ 4) 1_322l+2 _ (_1 . 22Z+2) (1 _ 22[+2)

— o+ _1=1 mod 2" —1.

Finally, we have

=1- = mod 2" — 1. L]

For the Glynn, o-exponent a distinction between n =1 mod 4 and n =3 mod 4 is
necessary.

3.3.3 Theorem (Transformations of the Glynns o-Exponent with n =1 mod 4). Let
3n+1

n=4l+1 withl € N. Then fore= 2" 427 = 92+l +23l~+1, the Glynns o-exponent,
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3.3 Explicit Formulas for the Known Monomial Hyperovals

the following relations, each taken mod 2™ — 1, hold.

3n+1 n+1

1—e=2"—2"" — 2%

:n =5 mod 8,

:n=1 mod 8,

:n =5 mod 8.

2
e
3n+l  nt3
1 {Q"W :n=1 mod 8,

Proof. The first relation is clear, since 2™ — 27 _ 2" =1-2"F +2% mod 2" —1.
Considering the binary expansion of e~! for small values of [, one can conjecture the

following form for e~

:c;::(l...10...01...10...0)
[1s I 0s I+1 1s I 0s

-1 ]
_ Z 23i+1+j + Z 2l~+j _ 24i+1 . 23[+1 + 22Z+1 . 2[
=0 =0

3n+1

—on _ 9T L 9"t _ ot

This can be verified by calculating
e- CE[ = 22l~+1 (1 + 2[) (1 _ 23l~+1 + 22l~+1 _ 2[)
— 92+l (1 _ 9341 + 92l+1 _ ol + 92l _ odl+1 + 93l+1 _ 221)
=22+ (1427 —1) =2 =1 mod 2" - 1.

Then we also have

el D _gaingain i g gmp ondqon
[ [

To obtain (1—e)~! we first start with the case that n =1 mod 8 by writing n = 8i+1
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3 Known Families and Formulas for o-Monomials

with [ € N. Sample binary expansions yield the following presumed form.

zp:=(1...10101 ...01001010...10),

2041 1s 2[—1 01 blocks [ 10 blocks

-1 20-2 20
_ Z o1+2j | Z 920+2+2) | Z 9bi+;

§=0 §=0 §=0

4 -1 2042 421 -1 6l . (92i+1

=2 —— + 2. 2 (22 1)
— 28[—1—1 + g‘)) (22[4—1 o 2 + 26[ - 22[—1—2 - 3 . 26i)
g A2y 27T 427 42
- 3 - 3 '

Then we can calculate its validity as follows.

3 — 200 — 21 9 (1 . 26Z+1 . 24Z+1)
3

(22i+1 + 9241 _ 1) (1 _ 96+l _ 24Z+1)

zi-(1—e) =

(26Z+1 _ 9l2i+2 _ 9l0i+2 + 9241 _ 98i+2_o6l+2 _ + 96l+1 + 24i+1>

Wl R Wl kW~

(_24Z+1 _ 92+l + 92+l _ 9 _ 1 + 24Z+1) —1 mod 2" —1.

Furthermore, we have

3n+1 n+3
1 2 274 +2
C - _ et e ed 2 -1

Now, only the case n = 5 mod 8 remains. We write n = 8l + 5 with [ € Np.
Considerations of the binary expansions of (1 — e)~! for small values of [ point to the
following conjectured form.

z;:=(1010...100101...010...0),

[ 10 blocks  2i+1 01 blocks 2{+2 0s

2 2042425 — [+5+2;5 2042 42Z+1_1 [ 4i 1
222 ++]+Z26+5+]:2+ . _‘_26+5‘
=0 =0 3 3
06i+4 _ 92i+2 + 98i+5 _ 96i+5
- 3
B 28[+5 - 26Z+4 _ 22[+2 B on _ Snil 2%‘3
B 3 - 3
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3.3 Explicit Formulas for the Known Monomial Hyperovals

That is the general form of (1 —e)™!, as

zi-(1—e) = ; (1 _ gbi+d _ 22[+2) (1 _ 9bi+d _ 24Z+3)

_ ;1), (1if+4_24f+3if+4_'_212f+8+210f+7_22f+2+28f+6+ﬁ)
— il)) (1 _ gi+3 + 94l+3 + 92l+2 _ 92i+2 + 2) —1 mod 2" 1.
We also have
ef1:1—1i652'2n+2?1+ﬁ3 mod 2" — 1. O

3.3.4 Theorem (Transformations of the Glynn, o-Exponent with n =3 mod 4). Let

n+1

n =41+ 3 with | € Ny. Then for e = 2" 42" = 92+2 +2l~+1, the Glynns o-exponent,
the following relations, each taken mod 2™ — 1, hold.

+1 +1
l—e=2"—2"% — 2",
1 3n—1 n+1 n+1
S =2"—-2"7 4272 —271
e
6_1 3n—1 n+41 n41
= T —272 4 [

3”I3 2”T+1 2
232 427 42 :n=3 mod 8,
3n+3 n+1

.n
22”‘;*24 ‘n=7T7 mod 8.

n+1 n+1 n+1 n+1

Proof. The first relation is clear, as 2" — 272" — 2"+ =1—-272 — 21 mod 2" — 1.
For the second relation, the binary expansions of e~! for small values of [ suggest the
following general form.

xi::(l ...10...01 ... 10...0)2
—— —— —
I+1 1s I 0s I+1 1s  I+1 0s
] ] ] ]
_ ZQHHJ‘ + 223f+2+j _ 2Z+1 Z2j + 231”+2 Z2j
Jj=0 Jj=0 j=0 j=0
— 24l~+3 o 23l~+2 4 22l~+2 o 2l~+1 — 2TL . 2?’"471 + QnTH . Q"TH
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3 Known Families and Formulas for o-Monomials

This is indeed the general form, as the following computation shows.
P (1 _ 23Z+2 + 22Z+2 o 2i+1) (22i+2 + 2Z+1)
_ 22[+2 + 2i+1 . 25i+4 - 24i+3 + 24i+4 + 23Z+3 _ 23Z+3 _ 22Z+2

o+l _ o+l _1419-1 mod2"— 1.

Thus we also have

To obtain (1—e)~!, we consider the case n = 3 mod 8 first by writing n = 81+3 with
[ € Ny. Sample binary expansions for small values of [ indicate the following general

form.

zp:=(1...101...010010...10),

2[+1 1s 2[ 01 blocks [ 10 blocks
-1 Co20-1 ' 20 .
—_ Z 21+2] 4 Z 22[+2+2] + Z 26l+2+]
j=0 j=0 j=0
4[ -1 R 42[ -1 N ~
—9. 5 4+ 92+2 ; 4+ 96142, (22l+1 _ 1)

— 98i+3 + gl), (22i+1 _94 9bl+2 _ 92i+2 _ 3. 26i+2)

96i+3 | 920+1 | 9 o 9™ L 9™ 49
3 o 3 '

_ 28Z+3 .

This is indeed the general form of (1 —e)™!, since we have

1— 26Z+3 _ 225—}—1

( ;

:1)) (1 _ 9643 _ 92i+1 _ odi+2 + 910i+5 + 9bi+3 _ 92i+1 + o8i+4 + 24Z+2>
1

(1—e) 2= (1— odl+2 _ 225+1)

5(1+2)=1 mod2" -1

Therefore we also have

=1- = + mod 2" — 1.

Now, only the case n =7 mod 8 remains to be considered. We write n = 81+ 7 with
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3.3 Explicit Formulas for the Known Monomial Hyperovals

[ € Ny and binary expansions of (1 —e)~! for small [ reveal the following form.

x;:=(1010...100101 ...01 00 ... 0),

[ 10 blocks  2[42 01 blocks  2[+2 0s

2041 -1
_ Z 020+2+2j 4 Z 9bI+7+2j

§=0 j=0
= 22f+242l+27_1 + 265+74l —1

3 3

28i+7 _ 26i+7 + 26[+6 B 22[+2
- 3
B 98I+7 _ 96l+6 _ 92142 B on _ oinis  gnil
= 3 _ ;

That is indeed the general form, as we have

(1—e) 2

(1 _ odi+d _ 22[+2) (1 _ obl+6 _ 22Z+2)

Wl R Wk W|

(1 _ 9bl+6 _ 92i+2 _ odi+4 + 910i+10 + 9bl+6 _ 92i+2 + o8I+8 + 24i+4>

(1+2)=1 mod 2" —1.

Finally, we have

3n+3 n+1l
4

e 1 2.9 4 2% 4o
e—1 1—e 3

mod 2" — 1. [l

3.3.3 Translation Exponents

Here the situation is somewhat trickier, at least for the (1 — e)™! case. The reason is
that if e = 2" with ged(n, h) = 1, the least positive residue of (1 —e)~! mod 2" — 1
carries a lot of information about h™' mod n as well. We begin with some general
observations about (1 —e)~1.

3.3.5 Lemma. Let n € N and h € N with ged(n,h) = 1. Then for e = 2" there exists
a unique number a(n,h) € {1,...,2" — 2} such that

a(n,h)-2" — (a(n,h) + 1)
2h — 1

Ty = e{l,...,2" -2}

is the least positive residue of (1 —e)™! mod 2" — 1.

Proof. We first show that there is a number a(n, h) such that a(n, h)-2" — (a(n, h)+ 1)
is divisible by 2" — 1, or equivalently, that a(n, h) - 2" — (a(n,h) + 1) =0 mod 2" — 1
holds. Since ged(n, h) = 1 implies ged(2" — 1,2 — 1) = 1, we have that

a(n,h) = (2" —=1)~" mod 2" — 1
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3 Known Families and Formulas for o-Monomials

has a unique solution a(n,h) € {1,...,2" —2}.
That (1 —e)~! is given by x,, is immediate from

(1-2%) alnh)-2" = (@ W)+ 1) _ oy o1 —a(nh) =1 mod 27 — 1.

2h —1

And finally, we have

a(n,h)-2" — (a(n,h)+1) a(n,h)-(2"—1)—1 1
0< = <2"—1—-————<2"-1
2 — 1 2h — 1 2h — 1
and thus that z, j is the least positive residue. O

3.3.6 Lemma (Special Cases). Let n,h € N with gcd(n, h) = 1. Then for a(n,h) from
Lemma the following statements hold.

1. a(n,h) =14fn=1 mod h.
2. a(n,h) =2" -3 ifn=—1 mod h.
3. a(n,h):WT_lianQ mod h.

Proof. We verify by computation that a(n, h) - 2" — (a(n, h) + 1) is divisible by 2" — 1
in each case.

1. Wehaven=10-h+1 with [ € N. Then we have
I-h+1 _ r\! _ h
2 —2:2-(2)—2:2—2:0 mod 2" — 1.

2. Wehaven=1-h —1 with [ € N and thus

(2"—3) 2 — 2" p2=(-2)- 2" —142=-1-142=0 mod 2" - 1.

3. We have n =[-h+ 2 with [ € N and h must be odd, since ged(n,h) = 1. Then
21 — 1 is divisible by 3, since 2"*! —1 = (=1)"*! —1 =1-1 =0 mod 3.
Therefore,

2.1 1, (2.2h—1] 21 21
— 2| ——+1) =

=2 — .2 2~
3 3 3 3

=1-1=0 mod?2"—1. O

One way of calculating a(n, h) could be via recursion.

3.3.7 Lemma. Let n,h € N with gcd(n,h) =1 and n =t mod h. Then for a(n,h)
from Lemma[3.53.5

a(h,t) - 2" — (a(h,t) + 1)

h
o 1 mod 2" — 1

aln.h)= (2 —1) =201~

holds.
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3.3 Explicit Formulas for the Known Monomial Hyperovals

Proof. The condition a(n, h)2" — (a(n,h) + 1) =0 mod 2" — 1 implies
a(n,h) = (2" —1)"" mod 2" — 1,
so it is the same problem (with a flipped sign and smaller modulus). O

Very conveniently for us, Kyureghyan and Suder [27] give a more explicit result.

3.3.8 Theorem (|27, Theorem 3.12]). Let n,h € N with ged(n, h) = 1 and let h,' be
least positive residue of h™' mod n. Then

ho'=1
(1—2Mt=2r—1— Y 2M medn yod 2" —1

i=0
holds.

3.3.9 Theorem (Transformations of the Translation o-Exponents). Let n,h € N with
ged(n,h) =1 and let h,,' € {1,...,n — 1} be the least positive residue of ™' mod n.
Then for the translation o-exponent e = 2" the following relations, taken mod 2" — 1

each, hold.

l—e=2"—2"
671:2n7h
—1

€ :2n_2n—h
e

hyt—1 A
(1_6)—1:2n_1_ Z 2hz mod n
=0

hyl-1

e .
-1 2hz mod n‘
e—1 + ;

Proof. The first relation is clear, since 2" —2" = 1—2" mod 2" — 1, the second relation
is also clear, as 2" ".2" = 2" =1 mod 2" —1, and the third follows from % =1-eh

Theorem yields the fourth relation and the last one follows from _4 = 1— 1% O

e
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4 Application: 2-to-1 Binomials

This last chapter deals with an application of o-polynomials: They are naturally related
to the 2-to-1 polynomials and thus allow constructing 2-to-1 polynomials.

This connection stems from the property that no three points of the corresponding
hyperoval are collinear, meaning that we can generalize it to ovals in odd characteristic
as well, allowing for similar investigations in that case in the second section.

As we deal with both even and odd characteristic in this chapter, we carefully specify
whether ¢ is an odd or even prime power when necessary.

A central tool in this chapter is examining specific lines of PG(2, ¢). For that purpose,
recall the lines of PG(2, ¢) and their representations:

o lop = <((ll7l)>L for a,b € F,

o ly= <(é)>L for a € ¥, and

4.1 Even Characteristic

The goal of this section is to find many different 2-to-1 binomials using o-monomials.
To that matter, we first relate o-polynomials to a family of 2-to-1 polynomials, show
that one 2-to-1 binomial already induces such a family of 2-to-1 binomials and thus an
o-monomial and finally apply this to the results of Section [3.3]

4.1.1 The 2-to-1 Characterization

In this subsection we give a characterization of o-polynomials using 2-to-1 polynomials,
employing mostly combinatorial arguments.

4.1.1 Definition. Let ¢ be even. The polynomial f € F,[z] is called 2-to-1 if every
element of I, has either zero or two preimages under f.

An equivalent formulation is that the equation f(x) = a has either zero or two solu-
tions for each a € F,. In relation to this property we have the following characterization:
A polynomial f is an o-polynomial if and only if the polynomial f(x) + bx is 2-to-1 for
all b € Fy.

The key idea is that the solutions of the equation

f(z)+bxr=a
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4.1 Even Characteristic

correspond to the points of H(f) on the lines ,;, of PG(2,q). Intuitively, f(x) + bx
being 2-to-1 for all b € [} is equivalent to on most lines being exactly zero or two points.

To make the argument rigorous we need a converse statement to Lemma [2.1.3] char-
acterizing hyperovals by the number of their external lines. Before proving this we start
by giving a counting lemma, which continues to be useful in Subsection as well.
This argumentation is due to Maschietti [29].

4.1.2 Lemma. Let q be a prime power, S be a set of m points in PG(2,q) and k be
the maximal number of collinear points from S. Further, let T; be the number of lines
containing exactly i points for i =0,1,..., k. Then the following equalities hold.

k
Yr=q¢+q+1, (4.1)
i=0
k
> in=m(g+1), (4.2)
i=1
k
> (i — 1)i; = m(m — 1). (4.3)
i=2
Further, for the tangents of S we have
k
n=m(g+1)—m(m—1)+> (i —2i)7. (4.4)
=2

Proof. Equation is obtained by counting every line of PG(2, ¢) exactly once.

Let us introduce some more notation. Let T; be the set of lines containing exactly ¢
points of S. Then |T;| = 7.

For Equation (4.2]) we count the pairs (I, P), where P € S and [ is a line containing
the point P. On the one hand, for [ € T;, there are ¢ different points on [, so we can
count the number of pairs to be Zle 17;. On the other hand, each point of S lies on
exactly ¢ + 1 lines, so we obtain m(q + 1) pairs.

For Equation we count the pairs (I, Py, P»), where P; and P, are distinct points
of S and [ is a line containing both points. On a line [ € T; we can choose two points
from the i points available, so we have S ,i(i — 1)7; pairs overall. But we may also
choose two distinct points P; and P, from S, fixing the unique line connecting them.
Thus we obtain m(m — 1) pairs.

Finally, subtracting (4.3)) from (4.2) yields

k k k

Ziﬂ' - Z(Z — )ity =1 + Z(—iz +2i)i =m(g+1) —m(m —1)

i=1 =2 =2
and thus Equation (4.4)). O
4.1.3 Theorem. A set H of ¢+ 2 points of PG(2,q), q even, is a hyperoval if and only
if there are 19 = @ external lines to H.
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4 Application: 2-to-1 Binomials

Proof. The if part has already been covered in Lemma [2.1.3] so let H be a (g + 2)-set

of points of PG(2, ¢) with exactly 7 = @ external lines. Reusing the notation from

Lemma and applying it with m = ¢ + 2 yields

k
Yr=¢+q+1, (4.5)

i=1

Zm—l =(¢+2)(g+1), (4.6)

k

= (i —2i)7. (4.7)

1=2

Substituting 79 and 71 into (4.5)), one obtains

-1 k
q(q2 )+Z(z —2i Tz—i-ZTz—q +q+1
=2 =2
and thus
k
(2 —4i+2)r, =¢*+3¢+2=(q+2)(¢+1). (4.8)
i=2

Finally, by subtracting Equation (4.6) from (4.8) we get

k

(= 3i+2)m =0,

=3

as 22 —3-2+2=0. Since > —3i +2 > 0 for i > 3, we have 7; = 0 for i > 3. So, no
three points of H are collinear and H is therefore a hyperoval. O

We are now able to prove the already mentioned characterization.

4.1.4 Theorem. Let q be even. The polynomial f € F,lx] is an o-polynomial if and
only if the polynomial f(x) + bx is 2-to-1 for all b € F.

Proof. Let f be an o-polynomial and consider the lines I, for a € F, and b € ;. Then
(0,1,0),(0,0,1) & l,p. A point (1,¢, f(t)) € H(f) with t € F, is on [, if and only if

L

1 a
) E<11)>

a+bt+ f(t) =

that is, if and only if

Since H(f) is a hyperoval, this equation has exactly zero or two solutions for each
a € Fy and b € I}, so the polynomials f(z) + bx are 2-to-1 for all b € F}.
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4.1 Even Characteristic

Now let f € F[z] so that the polynomial f(z) + bx is 2-to-1 for each b € F;. Then
H(f) is a (¢ + 2)-set, so we may apply Theorem [£.1.3] We have (0,0,1) € I, [, and
(0,1,0) € la0. Consider a fixed b € F}. Since f(x) + bz is 2-to-1, there are exactly 4
values for a € F, such that

a+br+ f(z)=0

has no solution in F,. For those values of a the line [, is an external line. All in all, we

obtain @ external lines. Therefore H(f) is a hyperoval and f an o-polynomial. []

4.1.2 Equivalence of 2-to-1 Binomials and o-Monomials

In this subsection we show that every 2-to-1 binomial may be traced back to an o-
monomial. The important idea is that the property of ¢ + bx? being 2-to-1 for some
b € F is already strong enough to imply that =€+ bx? is 2-to-1 for all b € ;. Once this
is established, we may conclude using the characterization from Theorem proved
in the last subsection. This subsection follows very closely [25].

4.1.5 Lemma. Let q be even, 0 < e # d, b € F: and assume that f(x) = 2°+ba? € Fylz]
is 2-to-1. Then ged(e —d,q—1) = 1.

Proof. We have f(0) = 0, so there is exactly one more element ¢ € IF}, satisfying f(¢) = 0.
So, consider

Fty =t (=" +b) =0.
This equation has either one or 1+ ged(e — d, ¢ — 1) solutions, so ged(e —d,g—1) =1
follows. U

4.1.6 Theorem. Let q be even, 0 < e # d, b € F; and assume that f,(x) = 2° + bz’ €
F,[x] is 2-to-1. Then ged(e,q — 1) = ged(d,q — 1) = 1 and fy(x) = 2° + b'z? is 2-to-1
for allV € ;.

Proof. Take b" € F;. The goal is to show that fy () is 2-to-1.

Firstly, because f,(z) is 2-to-1, by Lemma we have ged(e —d, g — 1) = 1. Since
we have

fw(z) = 2° (1 + b'xd_e)

it follows that fy(z) = 0 if and only if x = 0 or z is the unique nonzero solution of
Vx9=¢ =1, so 0 has exactly two preimages under fi,. Thus we will assume z # 0 and
Y x9=¢ # 1 from now on.

Consider for a fixed z € F, with x # 0 and ¥z?7¢ # 1 the equation

fo(x) = fy(ax) (4.9)

in o € F;. Then the polynomial fy () is 2-to-1 if and only if Equation (4.9)) has exactly
two solutions: a = 1 and one other solution a € F, \ {0,1}. Since = # 0, by dividing

71



4 Application: 2-to-1 Binomials

through z? Equation (4.9) is seen to be equivalent to
1+ bade £ (1 + b’ad_emd_e> = a4 Valzd®
and thus equivalent to
1+ a® = (1+a%)pz?e. (4.10)

Next we show ged(d, ¢—1) = ged(e,¢g—1) = 1. For a contradiction, assume ged(e, g —
1) > 1 for now. Then there is an element o € [F, \ {0, 1} such that the left-hand side of
(4.10]) vanishes. Thus we also have 1+a? = 0, since b'z?¢ # 0 for  # 0. In particular,
we have o = 1 and a? = 1, so a® ¢ = 1 as well. Because ged(e — d,q — 1) = 1, this
is only possible for a = 1, hence ged(e,q — 1) = 1. Then o = 1 if and only if a = 1,
since the left-hand side vanishes only for o = 1. Therefore, o — a? is a permutation of
[F, and we have ged(d,q¢ — 1) = 1 as well.

Now, if @ # 1, then a¢ # 1, so by dividing Equation by a? + 1 we obtain the
following: The polynomial fi,(z) is 2-to-1 if and only if for each fixed € F, with = # 0
and ¥'z9¢ # 1 the equation

a®+1
b/ d—6:
v ad 4+ 1

(4.11)

has exactly one solution o € F, \ {0,1}. Defining T" := {3211 caeF,\ {0, 1}}, this is
equivalent to T'=F, \ {0, 1}, since ged(e —d,q—1) = 1.

Fortunately, 7" does not depend on ¥/, so we may take b = b to determine T" com-
pletely. As fy(z) is 2-to-1 by assumption, 7" = F, \ {0,1} follows. We conclude that

fv(z) is 2-to-1 for all V' € IF;. O
4.1.7 Corollary. For 0 < e # d the following three statements are equivalent:

1. The polynomial fy(x) = ¢+ bx® is 2-to-1 for a value b € F}.

2. The polynomial fy(x) = x¢ + ba? is 2-to-1 for all b € .

3. The monomial xa is an o-monomial, provided ged(d, g — 1) = 1.

Proof. The equivalence of the first two statements is immediate from Theorem |4.1.6
If fy(x) is 2-to-1 for all b € F,, then by Theorem [4.1.6) ged(d, ¢ — 1) = 1. Therefore, we
can substitute z — x4 and obtain that g,(z) =z + ba is 2-to-1 for all b € F?. By the
characterization of Theorem this is equivalent to 2@ being an o-monomial.
Conversely, z@ being an o-monomial implies that g(x) = rd + bz is 2-to-1 for all
b € F;. The reverse substitution = — ¢ now yields fy(x) = 2¢ 4 ba? being 2-to-1 for
all b € Fy. O

4.1.3 2-to-1 Binomials from o-Monomials

To obtain many different families of 2-to-1 binomials we now apply Corollary [4.1.7 to
the explicit formulas given in Section [3.3]
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4.1.8 Theorem (2-to-1 Binomials Induced by Segre o-Monomials). Let n € N be odd

and let e = 6 be the Segre o-exponent. Then the following binomials are 2-to-1 for all
beF,.

o-exponent induced 2-to-1 binomials
e 2% + bx
1—e T
1 52"~ 1_o
° x5 +bx
e—1 2" 142
e x 3 +bx

waﬂ—i-b:c ifn=1 mod 4

25 +bxr ifn=3 mod4
255 b ifn=1 mod 4
e—1

22" 44

xr= 5 +br ifn=3 mod4

4.1.9 Theorem (2-to-1 Binomials Induced by Glynn; o-Monomials). Let n € N be odd
and let e = 3-2"5 + 4 be the Glynn; o-exponent. Then the following binomials are

2-to-1 for all b € F}.

o-exponent induced 2-to-1 binomials
ntl
. ntl
1—e 27327 Ty
n—1
1 2327 2 4 by
1 " n—1
_ v __ 3. 2
e 22327 2 4 o
n+1
2272 .
) x5 +br ifn=1 modi4
1—e 271;1 )
n__ + .
x? 5 +br ifn=3 mod 4
n ol
2242”2 .
x 3 +bx ifn=1 mod4
[&
e—1 n<20—1
2 +2 .
x5 +br ifn=3 mod4

4.1.10 Theorem (2-to-1 Binomials Induced by Glynn, o-Monomials). Let n be odd
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4 Application: 2-to-1 Binomials

and e be the Glynng o-exponent. Then the following binomials are 2-to-1 for all b € .

o-exponent induced 2-to-1 binomials
QnTH 2372#1
x* ? Tt +br ifn=1 mod4
e
ntl ntl
222 27 4 br ifn=3 mod4
22720 2% 4 b ifn=1 mod4
1—e
n_o™t o™i :
2" - +br ifn=3 mod4
on 2372{—1 2nT-!—l 27121
) " 22 - +br ifn=1 mod4
g . 371471 n+1 nTH
227720 22 =20 4 b ifn=3 mod 4
Snjl n+41 n471
) 220 2720 4 b ifn=1 mod4
e—1
€ 3n—1 n41 %—i
22T 72T 2T by ifn=3 mod 4
n_2 +2 +2 .
x? 3 +bx ifn=1 modS8
3n+3 n+1
n_2 4 42 4 42 .
) 2 3 +br ifn=3 modS8
1—e n 3n:—1 nT+3
P —2 i
x 3 +br fn=5 mod8
2n 23 4Jr3 2TLT+1
x 3 +br fn=7 mod8
3n+1 nT+3
2 +2 +2 i
x 3 +br ifn=1 mod8
2 +2 +2 X
x 3 +bxr ifn=3 modS8
e
= Bt 2
2.2M4 +2 .
3 +bxr ifn=>5 modS8
2 2”+23nf4+3+2n7+1
x 5 +br fn=7 modS8

4.1.11 Theorem (2-to-1 Binomials Induced by Translation o-Monomials). Letn,h € N

with ged(n,h) = 1 and let h,' € {1,...,n — 1} be the least positive residue of h™*
-1 .

mod n. Then for the translation o-exponent e = 2", setting t = Z?:"O_l Qhi modn ype

Jollowing binomials are 2-to-1 for all b € .
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o-exponent | induced 2-to-1 binomials
e 2" + b
1—e 22" 2" 4 py
% 227"+ br
el Ty
= 22" 71 4 b
- o+ br

4.2 0Odd Characteristic

The previous section deals with 2-to-1 binomials in even characteristic. Now we transfer
the arguments and results to the case of odd characteristic. Although by Theorem [2.1.6]
there are no hyperovals in PG(2, ¢) for ¢ odd, the existing ovals can still be linked to
2-to-1 polynomials just as it is done in the case of even characteristic. This is done in
the first subsection.

The greatest difference is that no odd characteristic version of Lemma holds.
Consequently, a single 2-to-1 binomial x¢ + bz? does not yet define an oval, so we use
the additional assumption that the binomial z¢ + bx? is 2-to-1 for all b € F7. This
situation is investigated in the second subsection.

An advantage of working in odd characteristic is that ovals are very well understood
using Segre’s Theorem. Using this powerful tool we conclude this thesis by obtaining a
complete classification of those 2-to-1 binomials.

Finally, we would like to mention that this section was motivated mainly by research
group meetings held by Professor Gohar Kyureghyan in Rostock about 2-to-1 binomials.
The idea that it might be worthwhile to consider the statements of what is now Theorem
4.2.8] and Theorem originated there, after the statement of Lemma was
established. Considerable contributions were made by Lucas Krompholz, especially
regarding the definition, what kind of 2-to-1 binomials should be studied, and which
properties they possess.

4.2.1 Ovals in Odd Characteristic

An oval in odd characteristic has exactly ¢ + 1 points and in this subsection we obtain
an algebraic description of an oval analogous to Theorem [2.1.15] while the algebraic
condition is in the spirit of the characterization of Theorem

When the characteristic is odd, we also have an odd number of elements in F,, which
has to be accounted for when considering the 2-to-1 property.
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4.2.1 Definition. Let ¢ be odd. A polynomial f € F,[z] is 2-to-1, if |f~'({t})| €
{0,1,2} for all t € F, and if there is exactly one element ¢ € F, with |f~!({t})| = 1.
First we justify why ovals may be assumed to be of a specific form, similar to the

assumption that a hyperoval contains the fundamental quadrangle. Afterwards, the
main characterization is proved.

4.2.2 Lemma. Let g be odd and let O be an oval of PG(2,q). Then there is an
equivalent oval O of PG(2,q) containing the points (1,0,0),(1,1,1),(0,0,1) and no
other points from .

Proof. By Lemma we know that O has g + 1 tangents. Fix [ to be one of those
and let P € O be the tangent point.

Let S and T be other points of O. Further, let @ be a point of [\ { P} not contained
in SV T. Since ¢ > 3 it is always possible to select such a point. Finally, let Q' €

lw \ {(0,0,1)}.
By construction, the points P,Q,S and T constitute a frame. Therefore, we can
define a projectivity PG(2, q) — PG(2, q) by setting

« »(P)=(0,0,1),
« 9(Q)=¢Q,

e ¢(S)=(1,0,0), and
« o(T) =

Then O is an oval containing the three prescribed points. Additionally, ¢ preserves
incidence relations, so ¢l = I, and [, is a tangent of O" := ¢O. O

(1,1,1).

4.2.3 Theorem. Let q be odd and let O be an oval of PG(2,q) containing the points
(1,0,0),(1,1,1) and (0,0,1), which has l as a tangent. Then O may be represented
via a polynomial f € F,lz] as

O = O,(f) :=={(1,s,f(s)) : s € Fo} U{(0,0,1)},
where f satisfies the conditions
(i) f(0) =0 and f(1) =1 and
(ii) the polynomial f(x)+ bx is 2-to-1 for every b € F,.
Conversely, every such polynomial f € F,[x] defines an oval O,(f).

Proof. Firstly, if [, is a tangent of O, then every point of O besides (0,0, 1) must have
a non-vanishing first coordinate. The ¢ remaining points are thus of the form (1, ¢;, d;)
with ¢;,d; € F, for i = 1,...,¢. Assume now for a contradiction that ¢; = ¢; for a pair
(1,7) with 1 <14 # j < q. Consider the line

0 1
h:l—ci:< 0 , | G >
1 d;
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4.2 Odd Characteristic

We have (1,¢;,d;) € h, as

1 1 0
Cj = C; —+ (d] — dz) 0 s
d; d; 1
so three points on the line h, a contradiction. Therefore {¢; :i=1,...,¢} =F,.

Let f be the polynomial describing the map ¢; — d; fori =1,...,q. Then O = O,(f).
We prove next that f satisfies the claimed properties. From (1,0,0) and (1,1,1) being
points of O it is immediate that f(0) = 0 and f(1) = 1. Consider the lines [,; of

any L
PG(2,q): For a,b € F, the line [,;, = <(117)> does not contain the point (0,0, 1) and
for t € IF, contains the point (1,¢, f(¢)) if and only if

a+bt+ f(t) =0.

So the equation f(z)+ bx = —a has at most two solutions in [F,.
What remains to be shown is that there is exactly one element a for fixed b € I, such
that the equation f(z)+ bxr = —a has exactly one solution. Such lines are precisely the

tangents and there are exactly ¢+ 1 tangents overall, one of which is [,,. Suppose there
is an element b € I, such that for no a € F, the equation f(x) + bx = —a has exactly
one solution, e.g. no line [, is a tangent for this fixed b. Then every a € F, has exactly
zero or two preimages under f(z) + bz, so |F,| is even, a contradiction. Therefore, for
every b € I, there is at least one element a € F, such that [,; is a tangent. As there
are only ¢ tangents left to be accounted for, we have f(x) + bz is 2-to-1 for all b € F,.

Finally, for the converse, only the lines [, for a € I, remain to be handled. For t € [F,
the point (1,¢, f(¢)) is on [, if and only if

a+t=0,

so only the points (1, —a, f(—a)) and (0,0, 1) from O(f) are on ,. O

Notice that, in contrast to the even case, the polynomial f is not required to be
bijective, but has to be 2-to-1. Lastly, we give an example of a family satisfying the
conditions of Theorem so that no concerns about the existence of the families
dealt with in the next subsection may arise. This is analogous to Example about
the regular hyperoval and also provides an additional proof idea for that example.

4.2.4 Example. Take f(z) = z? with ¢ odd. We show that O,(f) is an oval and thus
fo(z) = 2* + ba is 2-to-1 for all b € F}:

o A line [, with a,b € F, contains a point (1, s, s?) with s € F, if and only if
a+bs+s*=0

holds. This quadratic equation has at most two solutions, so no such line contains
more than two points from O,(f).
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4 Application: 2-to-1 Binomials

A line [, with a € F, contains the point (1, s, s?) for s € F, if and only if
a+s=0.

They also contain the point (0,0,1), so those lines contain exactly two points

from O,(f).

e The line [, is a tangent by construction.

As there are no three collinear points, O,(f) is an oval.

4.2.2 Families of 2-to-1 Binomials

We now turn to the odd characteristic version of Subsection [d.1.2] characterizing specific
families of 2-to-1 binomials, which relate to (monomial) ovals. We specifically look at
the families (f;)per, with fy(z) = 2+ bz and fixed e # d, where the binomial is 2-to-1
for all b € F;. The main result of this subsection is that in this situation we must have
either ged(e,q — 1) = 2 and ged(d, ¢ — 1) = 1 or the other way round.

The primary idea consists in associating an oval-like structure O(e,d) to the ex-
ponents e and d and examining it using Lemma to show that it actually is an
oval.

4.2.5 Definition. Let ¢ be odd and 0 < e # d. Define
O(e,d) :={(1,s% 5% : s € F,} U{(0,0,1)}.

Note that O(e, d) is chosen exactly so that the 2-to-1 property corresponds to how
many points of O(e, d) lie on the lines l,,. For Lemma to be effective, we need to
ensure that O(e,d) has the right number of points. Afterwards we collect some basic
facts about e and d before continuing to prove the main result of this subsection.

4.2.6 Lemma. Let q be odd and 0 < e # d. Assume that fy(x) = 2+ bx? is 2-to-1 for
all b € F. Then |O(e,d)| = q+ 1.

Proof. We need to prove that the points (1, 5% s¢) are actually distinct. For a contra-
diction, assume that there are distinct s,t¢ € F, satisfying

s? =t and s° = t°,

SO

Now take b = —1, then f 1(0) =0, f1(1) = 0, and f_4 (f) = 0. In particular, the
polynomial f_; is not 2-to-1. O]

4.2.7 Lemma. Let ¢ be odd and 0 < e # d. Assume that x¢ + bx? is 2-to-1 for all
be ;. Thenged(e—d,q—1)=1. Also, ged(e,q— 1) is even and ged(d, q — 1) odd or
the other way round.
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4.2 Odd Characteristic

Proof. We have
fo(z) = 2 (xefd + b) .

Now, for some primitive element £ of Fy, choose b € — <§e*d>. Then 2¢~% = —b has
ged(e —d, g — 1) solutions in F}, so 0 has 1+ ged(e —d, ¢ — 1) preimages under the map
induced by f,. Since f, is 2-to-1, ged(e — d,q — 1) = 1 follows.

As g — 1 is even, either e is even and d odd or the other way round. O]

A converse statement is also true: If fy(z) = 2° + bx is 2-to-1 for some b € F; and
ged(e —d, g — 1) = 1, then for some primitive element & of [, the polynomials

(6) (€)= (&) ((6)" 0 + (&) ba) =a* + () b

for i € N are also 2-to-1. Then fy is 2-to-1 for all b" € ;. However, not all e # d with
ged(e —d,g—1) =1, ged(e,q — 1) = 2, and ged(d, ¢ — 1) = 1 define such families.

4.2.8 Theorem. Let q be odd and 0 < e # d. Assume that fy(x) = ¢ + bx? is 2-to-1
for allb € F;. Then ged(e,q — 1) =2 and ged(d, g — 1) = 1 or the other way round.

Proof. Lemma implies that either ged(e, g—1) or ged(d, g—1) is even. Without loss
of generality (by multiplying the binomials by b~! if necessary), assume that ged(e, g—1)
is even. Set

h:=ged(e,q— 1) and m := ged(d, q — 1).

Now we count the number of lines containing a specific number of points of O(e, d).
Let k equal the maximum number of collinear points of O(e, d). Consider the lines [,

for a € F, and fixed b € T, first. As fj is 2-to-1, we have one tangent, % bisecants and

-1 external lines among those lines. So from b € [}, we obtain @ external lines,

2
(g—1

q — 1 tangents, and T)Q bisecants overall.

A point (1,t%,t¢) for t € F, is on I, if and only if

a+tc=0.

So, with @ = 0 we have another tangent and a € F} yields % lines containing h points

from O(e, d) as well as ¢ — 1 — 1 external lines.

The point (0,0, 1) is always on [, for a € F, and the point (1,t%,¢°) for ¢ € F, is on
l, if and only if
a+t*=0.

So, for a = 0 we get another bisecant and a € [} yields %1 lines with exactly m + 1
points from O(e,d) and g — 1 — %1 tangents.

79



4 Application: 2-to-1 Binomials

Finally, I, is another tangent. Overall, we have

(q—1)? qg—1
T
5 T4 h

T0 —

external lines. Lemma [£.1.2] implies

k

n=(qg+1)*=(¢+1)g+ 2(@'2 — 2i)7;

=q+14) (=27
=2

and substituting 7y and 7y into Zf:o 7, = ¢* + q+ 1 yields

k
q2+q+1:To+Tl+ZTi

=2
—1)2 -1 k
:(q 5 ) +q—1—qT+q+1+Z(@'2—2z'+1)n (4.12)
1—2
—1)2 -1 ko
:(q2 ) +2q—qT+Z(Z_1)QTi-

i=2
We avoid giving an explicit expression for 75, as it depends on both A and m. However,
k

, —1)? qg—1 g—1
1y, @ 14+ (h—1)21 = 2= 413
2= =T A I (= P (4.13)

holds. Combining (4.12)) and (4.13)) then yields

—1)? -1 —1)? -1
q2+q—|—1:(q )+2q—q +(q )+1+(h—1)2q—+m(q—1)
2 h 2 h
-1
:q2+(h2—2h)qT+m(q—1)+2
= ¢+ (h+m—=2)(g—1)+2,
leading to

0= (h+m—3)(¢qg—1).

As g — 1 # 0, we must have h +m = 3 and thus h = 2 and m = 1, since h,m € N and
h > 2. O

A similar proof in the even case for the main statement of Subsection is also
feasible: From the remarks after Lemma and Lemma we get that z¢ + b'z?
is 2-to-1 for all ¥/ € F,, provided it is for a specific b € F,. Then the same line counting
arguments takes effect and forces ged(e,q — 1) = ged(d, ¢ — 1) = 1.
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4.2 Odd Characteristic

4.2.3 Segre’s Theorem and Application to 2-to-1 Binomials

Finally, we use Segre’s Theorem about ovals to show that the families ( fb)bgﬁ‘z;, where
fo(x) = 2 4 ba is 2-to-1 for all b € F;, originate from the family x* 4 bz, which we
examined in Example |4.2.4]

We are following [6, Section 9.7] for the definition of conics and Segre’s Theorem,
where also proofs for the statements we give can be found. As our focus has been
mainly on the even case, we omit the details.

4.2.9 Definition (Non-Singular Conic). A conic C is the set of points of PG(2,q)
satisfying a non-singular quadratic equation, that is,

C={(z,y,2) € PG(2,q) : ax® + by + c2* + fyz + gzx + hay = 0}

with a, b, ¢, f, g, h € IF, such that no linear substitution involving x, y and z leads to an
equivalent equation in less than three variables.

Conics make up for simple examples for ovals. For odd characteristic though, Segre
showed the remarkable converse statement.

4.2.10 Theorem (Segre [43]). If q is odd, then any oval of PG(2,q) is a conic.

In the last subsection we proved that O(e,d) is an oval if fy(z) = 2° + bz? is 2-to-1
for all b € ;. Now knowing that it is also a conic, we can infer more about e and d by
examining the associated non-singular quadratic equation.

4.2.11 Theorem. Let q be odd and let 0 < e # d, such that fy(x) = x¢ + ba? is 2-to-1
2

for all b € F;. Then, assuming ged(d,q — 1) = 1, we have § =2 mod q — 1, that is,

&=
fo(x) can be traced back to x? + bx using the substitution x .
Proof. By Theorem we can assume without loss of generality that ged(e,¢g—1) = 2
and ged(d,q — 1) = 1. Then

O(e,d) =0 (Z, 1) = {(1,5,55) (s € ]Fq} u{(0,0,1)} =: O,
using the substitution = — . By Segre’s Theorem O is a conic, so let

G(z,y,2) = ar® + by2 + c2® + fyz+ gzx + hxy

with a,0,c, f,g,h € F, be the associated quadratic form.
Since (0,0,1) € O, we have ¢ = 0 and from (1,0,0) € O it follows that a = 0. Letting
k be the least positive residue of £ mod ¢ — 1, define

F(z) :=G(1,z,2") = ba® + fa"™ + ga* + ha € F,[z].

Note that by Theorem [4.2.8 ged(k,q — 1) = 2, as O = O(k, 1) holds.

Then F(t) = 0 for all t € F,, so deg F' = ¢ or deg F' = —o0o. In the first case, we
must have k = ¢ — 1. Unless ¢ = 3, we would have ged(k,q — 1) =q—1# 2. If ¢ = 3,
we have k = 2 and are done.
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4 Application: 2-to-1 Binomials

Thus only the case F(r) = 0 remains. As G is non-singular, not all coefficients
vanish. This rules out & > 3, as all monomials in I’ would have a different degree. And
finally, ged(1,q — 1) = 1, so k = 1 cannot happen either. We therefore conclude that
k= 2. O
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